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ABSTRACT
A constitutive model is formulated for anisotropic continuum damage 
mechanics using first elasticity and then finite strain plasticity. The 
formulation is given in spatial coordinates (Eulerian reference frame) 
and Incorporates both isotropic and kinematic hardening. The von Mises 
yield criterion is modified to include the effects of damage through the 
use of the hypothesis of elastic energy equivalence. A modified 
elasto-plastic stiffness tensor that includes the effects of damage is 
derived within the framework of the proposed model. The damage variable 
used represents average material degradation which reflects the various 
types of damage at the microscale level like nucleation and growth of 
voids, cavities, micro-cracks and other microscopic defects.
Numerical implementation of the proposed model includes the finite 
element formulation where an Updated Lagrangian description is used.
The basic example of finite simple shear is solved. The problem of 
crack initiation is investigated for thin elastic and elasto-plastic 
plates with center cracks that are subjected to inplane tension.
x
Chapter 1
INTRODUCTION
1.1 Continuum Damage Mechanics
Continuum Damage Mechanics was Introduced by Kachanov [I] in 1958 
and has now reached a stage which allows practical engineering applica­
tions. In contrast to fracture mechanics which considers the process of 
initiation and growth of micro-cracks as a discontinuous phenomenon, 
continuum damage mechanics uses a continuous variable <f>, which is 
related to the density of these defects, to describe the deterioration 
of the material before the initiation of macro-cracks.
Based on the damage variable <J>, constitutive equations of evolution 
are developed to predict the initiation of macro-cracks for different 
types of phenomena. Lemaltre [2] and Chaboche [3] used it to solve 
different types of fatigue problems, Leckie and Hayhurst [4], Hult [5], 
and Lemaltre and Chaboche [6] used it to solve creep and creep-fatigue 
interaction problems. Also it was used by Lemaltre for ductile plastic 
fracture [7,8] and for a number of other applications [9].
The damage variable, based on the effective stress concept, 
represents average material degradation which reflects the various types 
of damage at the micro-scale level like nucleation and growth of voids, 
cavities, micro-cracks and other microscopic defects.
For the case of isotropic damage, the damage variable is scalar and 
the evolution equations are easy to handle. It has been argued [9] that 
the assumption of isotropic damage is sufficient to give good predic­
tions of the load carrying capacity, the number of cycles or the time to 
local failure in structural components. However, development of
1
2anisotropic damage and plasticity has been confirmed experimentally 
[10-12] even if the virgin material is Isotropic. This has prompted 
several researchers to investigate the general case of anisotropic 
damage.
The theory of anisotropic damage mechanics was developed by 
Sidoroff and Cordebois [13-15], and later used by Lee, et al. [12] and 
Chow and Wang [16,17] to solve simple ductile fracture problems. Prior 
to this latest development, Krajcinovic and Foneska [18], Murakami and 
Ohno [19], Murakami [20] and Krajcinovic [21] investigated brittle and 
creep fracture using appropriate anisotropic damage models. Although 
these models are based on a sound physical background, they lack 
rigorous mathematical justification and mechanical consistency. 
Consequently, more work needs to be done to develop a more involved 
theory capable of producing results that can be used for practical 
applications [18,22].
In the general case of anisotropic damage, the damage variable has 
been shown to be tensorial in nature [19,23]. This damage tensor was 
shown to be an irreducible even-rank tensor [24,25]. Several other 
basic properties of the damage tensor have been outlined by Betten 
[26,27] in a rigorous mathematical treatment using the theory of tensor 
functions.
Lemaltre [28] summarized the work done in the last fifteen years to 
describe crack behavior using the theory of continuum damage mechanics. 
Also Lemaltre and Dufailly [29] described eight different experimental 
methods (direct and indirect) to measure damage according to the 
effective stress concept [30].
3Chaboche [31-33] described different definitions of the damage 
variable based on indirect measurement procedures. Examples of these 
are damage variables based on the remaining life, the micro-structure 
and several physical parameters like density change, resistivity change, 
acoustic emissions, the change in fatigue limit and the change in 
mechanical behavior through the concept of effective stress.
1.2 Finite Strain Plasticity
The widely used tools of classical fracture mechanics employ global 
concepts in analyzing ductile rupture. These include strain energy 
release rate, contour integrals and even stress intensity factors which 
are based on an overall global analysis of the cracked structure using 
energy considerations. These concepts have been very successful in 
predicting crack behavior in two-dimensional elasticity or small strain 
plasticity that involves only proportional loading paths. However, 
these concepts suffer from the following disadvantages:
1. The hypotheses involved are too restrictive thus leading to 
large safety factors for their implementation.
2. It is difficult to use the concepts of classical fracture - 
mechanics for more sophisticated problems involving finite 
strain plasticity, ductile fracture due to large deformation, 
time-dependent behavior, three-dimensional effects (nonpropor­
tional loading paths), and delamination of composites.
In order to develop a model for a coupled theory of continuum 
damage mechanics and finite strain plasticity, a suitable stress 
corotational rate is needed. The Jaumann stress rate has been studied 
extensively in the past, but this rate will limit the theory to 
plasticity models which do not exhibit kinematic hardening (Lee, et al.
4[34] and Dafalias [35]). According to these investigators, a monotonic 
simple shear loading causes oscillating shear stress response when use 
is made of the Jaumann stress rate for a kinematic hardening plasticity 
model.
A number of plausible explanations of the phenomenon have been 
presented. Lee, et al. [34] proposed a modified corotational rate using 
the spin of the principal direction of a with the largest absolute 
eigenvalue, where a is the deviatoric component of the shift-stress 
tensor. An alternate approach by Onat [36,37] defines the spatial spin 
equal to the antisymmetric part of d ^ a ^  multiplied by a constant, 
where d" is the plastic component of the spatial strain rate d. The
<K.
non-*oscillatory solution for simple shear is obtained by the proper 
choice of the constant.
Dafalias [35,38] and Loret [39] obtained similar relations by 
associating the corotational rate with the material substructure as 
defined by Mandel [40,41], Mandel [40] used the triad of director 
vectors attached to the material substructure and developed the theory 
of plasticity such that the substructure corotational rate is defined in 
terms of the spin of the director vectors. He postulated that the 
constitutive relations require not only the plastic component of the 
spatial strain rate but also the plastic component of the spatial spin 
tensor. However, Onat and Leckie [25] have shown that it is advan­
tageous to consider the Internal structure and its orientations as a 
single entity and to use tensorial state variables for the representa­
tion of this entity [19,23,42-44],
Dafalias [38] and Loret [39] discussed the macroscopic constitutive 
relations for the plastic spin using the representation theorem for
5Isotropic second-rank antisymmetric tensor-valued functions. The 
importance of the material substructure in defining objective corota­
tional rates is also argued by Pecherski [45]. In inelastic finite 
deformations of polycrystalline metals, the material moves with respect 
to the underlying crystal lattice. The lattice itself undergoes elastic 
deformation and relative rigid-body rotations due to the lattice mis- 
orientation [45].
The work outlined above [34-39] imposes a retardation of the 
material spin W in order to obtain a non-oscillatory solution for the 
simple shear problem. The analysis of the solution of the simple shear 
test problem in [36-39] results in an unbounded non-oscillatory solution 
for the shear stress that Increases monotonically with increased 
deformation. Concurrently, the normal stress approaches an asymptotic 
upper bound. In the case of reference [34], both the shear and the 
normal stresses are unbounded and Increase monotonically with Increased 
deformation. We also note that in [36-39], the principal directions of 
a tend toward the bisector direction of the plane coordinate axes while 
in [34] the maximum principal direction of a inclines towards the 
horizontal axis. The above proposed solutions fail in the proper 
prediction of the shear stress-shear strain characteristic and the Swift 
effect in torsion of thin-walled tubes [46].
Other authors have followed different approaches for the proper 
choice of the corotational objective stress rate. Atlurl [47], based on 
the idea of a complete hypo-elastic law, modifies the rate of the 
backstress equation for the case of a rigid-kinematic hardening plastic 
model. Johnson and Bamman [48], Fressengeas and Molinari [49], Moss 
[50], Simo and Pister [51], Voyiadjis [52], and Voyiadjis and Klousis
6[53], have also discussed different aspects of the proper choice of the 
objective stress rate in finite deformation analysis. An ASME publica­
tion by Williams [54] summarizes the debate on this subject.
Recently, Murakami [55] formulated the general theory of aniso­
tropic damage mechanics based on a consistent mathematical and 
mechanical basis using the principles of continuum mechanics. He argued 
that since the material undergoes both damage and deformation at the 
same time, the damage tensor <f> also depends on the current state of 
deformation and thus cannot describe properly the internal state of 
damage in the case of large deformation. Consequently, he introduced a 
new damage tensor $ that is derived with respect to the elastically 
unloaded damaged state.
1.3 Scope
A coupled theory of elasticity and continuum damage mechanics is 
formulated in Chapter 2. It is assumed that the material undergoes 
damage with small elastic strains. The hypothesis of elastic energy 
equivalence is used in order to produce the proposed coupling. The 
damage variable used represents average material degradation which 
reflects the various types of damage at the microscale level like 
nucleation and growth of voids, cavities, micro-cracks and other 
microscopic defects.
The Eulerian formulation of finite strain plasticity is presented 
in Chapter 3 where use is made of stress corotational rates. In 
Chapter 4, a constitutive model is formulated for anisotropic continuum 
damage mechanics using finite strain plasticity. The formulation is 
given in spatial coordinates (Eulerian reference frame) and Incorporates 
both isotropic and kinematic hardening. The von Mlses yield criterion
7is modified to include the effects of damage through the use of the 
hypothesis of elastic energy equivalence. A modified elasto-plastic 
stiffness tensor that Includes the effects of damage is derived within 
the framework of the proposed model.
Numerical implementation of the proposed models Includes the finite 
element formulation where an Updated Lagranglan description is used in 
Chapter 5. In Chapter 6, the basic example of finite simple shear is 
solved. The problem of crack initiation is investigated for thin 
elastic and elasto-plastic plates with center cracks that are subjected 
to inplane tension.
The main objectives of this research are listed below:
1. Obtaining a coupled theory of damage and plasticity that 
Incorporates finite strains which was not done before. This 
Involves the study of stress corotational rates in the 
constitutive equations.
2. Development of the constitutive model in a consistent way 
using the theory of thermodynamics to derive the evolution 
equations.
3. Validation of the finite-strain plasticity model used by 
solving the problem of finite simple shear.
4. Numerical application of the model using finite elements. 
Investigation of crack initiation in a thin plate and 
comparison of the results with experimental observations.
Chapter 2
DAMAGE AND ELASTIC DEFORMATION
2.1 Review of Continuum Damage Mechanics
The limitations of classical fracture mechanics have been outlined 
recently by Lemaltre [28]. Parameters like the J-Integral and COD are 
difficult to use in cases of large strain plasticity, time-dependent 
behavior, crack evolution for non-proportional loading and delamination 
of composites.
In continuum damage mechanics, a crack is considered to be a zone 
(process zone) of high gradients of rigidity and strength that has 
reached critical damage conditions. Thus a major advantage of continuum 
damage mechanics is that it utilizes a local approach and Introduces a 
continuous damage variable in the process zone, while classical fracture 
mechanics uses more global concepts like the J-Integral and COD.
Kachanov [1] Introduced the idea of damage in the framework of
continuum mechanics. For the case of isotropic damage and using the
concept of effective stress (because of its suitability for continuum 
mechanics), the damage variable <f> is defined as a scalar in the 
following manner:
4> = (A - A)/A (1)
where A is the effective (net) resisting area corresponding to the 
damaged area A. Equation (1) can be written in a more suitable form as 
follows:
A - (1 - 4,) A (2)
Using the hypothesis of strain equivalence [8], the effective 
stress cr can be obtained from (2) by equating the force acting on the
8
9damaged area A with the force acting on the hypothetical undamaged area 
A (see Fig. 2.1):
O A ■ a A (3)
where 0 is the Cauchy stress acting on the damaged area A. From 
equations (2) and (3), we can obtain the following expression for a:
5 -  r ^ i ;  (4>
It should be noted that the effective stress o can be considered 
as a fictitious stress acting on an undamaged equivalent (fictitious) 
area A (net resisting area). It follows from (1) that the values of <j> 
range from zero for the case of undamaged material to one for the case 
of complete rupture.
The principles of the continuum mechanics theory for the general 
case of anisotropic damage was recently [56] cast in a consistent 
mathematical and mechanical framework. Equation (4) is generalized for 
the anisotropic case, in indicial notation, as follows [55]:
° U  ' Mijkl °kl <5)
where M is a symmetric fourth-rank tensor called the damage effect
tensor, 0 is the Cauchy stress and 0 is the corresponding effective
«*
stress. The damage effect tensor was shown by Murakami [55] to be given 
by:
M - (I - (j))-1 det(G)_1 G (6)
where I is the second-order Identity tensor, <p is the second-rank damage 
tensor, "det" is the determinant function, ( ) * is the generalized 
inverse of a tensor and G is a fictitious deformation gradient given by:
9x.
Gij ‘ v q  (7>
10
a A
^  A
J
DAMAGED STATE EQUIVALENT FICTITIOU S 
UNDAMAGED STATE
FIGURE 2.1: ISOTROPIC DA M A G E  IN UNIAXIAL TENSION 
(CONCEPT OF EFFECTIVE STRESS)
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where x and x are the coordinates In the damaged state and the 
fictitious equivalent undamaged state, respectively (see Fig. 2.2).
2.2 Assumptions and Elastic Energy Equivalence
In this section, we derive the necessary transformation equations 
between the damaged and the hypothetical undamaged states of the 
material. In the derivation, the following two assumptions are 
incorporated: (1) the elastic deformations are small (infinitesimal)
compared with the plastic deformations (finite), and (2) there exists an 
elastic strain energy function U(e',<j>). This function is assumed based 
on a linear relation between the Cauchy stress a and the engineering 
elastic strain e'. The tensor e' constitutes the linear part of the 
elastic component of the spatial strain tensor (second order terms are 
neglected). This relation can be written in the undamaged state of the 
material as follows:
5u  ° E« k i  <8>
Using equation (8) and the second assumption given above, the strain
energy function U(e',<)>) can be expressed in the undamaged state (e1 =
e', $ ** 0) as follows:
Ei3 Ekl <9>
Using the Legendre transformation, the complementary elastic strain 
energy function C(CT,<f>) is defined by
c(a,4>) - a - U(e',$) (10)
It follows that the engineering elastic strain tensor £' is derived
from the complementary energy C(c,<f>), i.e.,
3C(0,<f>)
= (ID
12
DEFORMED
DAMAGED
STA TE
dA
FICTITIOUS
DEFORMED
UNDAMAGED
STATE
ELASTICALLY
UNLOADED
DAMAGED
STA TE
(UNSTRESSED
STATE)
d A dA
ELASTICALLY
UNLOADED
FICTITIOUS
UNDAMAGED
STATE
(FICTITIOUS
UNSTRESSED
UNDAMAGED
STATE)
FIGURE 2.2: STATES OF DEFORMATION AND DAMAGE
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Substituting expression (9) for U(£T,<f>) into equation (10) (where a and 
£' are replaced by their effective counterparts for undamaged material), 
we obtain the following expression for C(a,<f>) for the undamaged state of 
the material
c <°-2> - i  Eijk i 5u  5ki <12>
Since the hypothesis of strain equivalence for isotropic damage 
leads to an asymmetric stiffness matrix for the general case of 
anisotropic damage, Sidoroff [13] proposed the hypothesis of elastic 
energy equivalence. This latter hypothesis assumes that the elastic 
energy for a damaged material is equivalent in form to that of the 
undamaged material except that the stress is replaced by the effective 
stress in the energy formulation.
When the material is deformed and damaged, the complementary 
elastic strain energy function takes the form
| °±i °kl <13)
where E(<|>) is the effective modulus of elasticity tensor, i.e., 
including the effects of damage.
In order to obtain E(<}>) , the hypothesis of elastic energy 
equivalence is now used in the form
C(o,p = C(a,0) (14)
Equating the two expressions given in equations (12) and (13) and 
substituting for O from equation (5), we obtain the following relation 
between E and E(<J>):
" W * 5 ' Ml}kl(!> Eijpq (15>
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Similarly, starting with equation (11) and utilizing equations 
(12), (14) and (5), we obtain the following relation between the elastic 
strain tensor and its effective counterpart.
mn M-T e' mnpq pq (16)
The damage effect tensor M has been shown [11] to be given, in 
principal coordinates, by
1-4). 0
i-4>.
[M] 0
0
0
0
1-4), 0
1
/(i-4>2) (l-4>3)
0
/(i-4>3) (1-4)!) 
0
where in equation (17), the following notation is used:
/a-4^) a-4>2) 
(17)
1 > <i f r  \
°1 all B 1 1
°2 °22 e2 e22
°3 r= a33 „ and e3 ► * 4
e33
a4
* <
°23
1
e4
* *
2e23
°4 °31 e5 2e31
a12
(18)
Thus, the fourth-rank tensor M can be represented by the matrix 
given in equation (17). The authors propose the following generalized 
expression for M(4>)
15
l i i iL no sum over i,j (19)
/(l-^) (1-4, )
where represents the fourth rank Identity tensor. The fourth-rank
tensor given by equation (19) has the matrix [M] given in equation (17) 
as its 6 x 6 matrix representation when the terminology of equation (18) 
is used.
2.3 Damage Evolution
The damage evolution criterion used in this work is proposed by 
Lee, et al. [12] and is given by
(20)g(o,B) = |  Jljkl akl - [B* + B(B)1 = 0
where is the initial damage threshold, B(0) is the Increment of 
damage threshold and B is a scalar variable that represents overall 
damage. In equation (20), J is a fourth-rank symmetric tensor that is 
represented by the following matrix [12]:
[J]
1 y y 0 0 0
u 1 y 0 0 0
y y 1 0 0 0
0 0 0 2(l-y) 0 0
0 0 0 0 2(l-y) 0
0 0 0 0 0 2(1'
(21)
where p is a material constant satisfying - 1/2 y < 1.
During the process of deformation and damage, the power of 
dissipation II is defined by
" - °ki - B 6 <22>
The actual values of the variables a» <f> and B will extremize the
power of dissipation II subject to certain constraints. The problem now
16
is to obtain a stationary value for n as given in equation (22) subject 
to the constraint g(cjfB) *» 0. Using the theory of functions of several 
variables, we introduce the Lagrange multiplier X and construct the 
function H such that
H - n - X g (23)
The problem now reduces to that of obtaining the extremum of the 
function H. This is done by satisfying- the following two necessary 
conditions
|£ - 0 (24)
i  " 0 <25>
Substituting equation (23) into equations (24) and (25), we obtain
J - A - 0 (26)
- 6 - £ |f - ° (27)
It is clear from equation (20) that 3g/3B = -1. Using this in 
equation (27) leads to X “ g« Consequently, equation (26) reduces to 
the following evolution equation for cp:
i = & I? (28)
In order to obtain an expression for g, we consider the damage 
strengthening criterion given by equation (20) and invoke the 
consistency condition g(a,<f>,B) = 0. This leads to
—  a . . + ir?—  <L , + ^3a±j u ij ' 8<frkl ♦kl + SB B = 0 (29)
Substituting for £ from equation (28), 3g/3B = -1 and 6 = g(3B/3g) into 
equation (29) and then solving for the overall damage evolution 
parameter g, we obtain
pq pq
The evolution equation for the damage tensor 4> is now obtained by 
substituting the expression for 3 given in equation (29) into equation
Chapter 3
EULERIAN FINITE STRAIN PLASTICITY
The yield condition used in this work combines both isotropic and 
kinematic hardening of the Prager-Ziegler [57] type
f(Tk r ak£,,c) " 0 (32)
A particular form of this yield condition is the generalized von Mlses
type, with both kinematic and isotropic hardening such that
£ = I <TWt " “ki (Tu  - - °2 - CK ■ 0 <33)
In the above expressions Is the deviatoric component of the Cauchy 
stress tensor and ct^ is the deviatoric component of the shift
stress tensor. The constant o corresponds to the initial tensile or 
compressive yield stress from uniaxial loading, and c is a constant that 
describes the isotropic component of hardening. In equations (32) and 
(33) k • the isotropic hardening parameter is obtained from the following 
relation:
i “ PU  dM  <34)
where dj^ is the plastic component of the spatial strain rate tensor,
and p ^  is a function of the Cauchy stress tensor and the accumulated
elastic strain. The superdot in equation (34) denotes material time
differentiation.
Assuming small elastic strains but finite plastic deformations, the 
spatial rate is decomposed into (Nemat-Nasser [38,59]; Lee, [60])
dkJt " dki, + dkS, (35)
where d ^  is the elastic component of the spatial strain rate. The
above equation will be correct for any amount of elastic strain if the
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physics of elasto-plasticity is invoked, for example, the case of single 
crystals. A thorough account of this is given by Asaro [61].
An associated flow rule of the type shown below is postulated
dtl - A 3 5 ^  <36>
k*>
where A is a positive scalar function.
Following the Prager-Ziegler kinematic hardening rule [57], the 
evolution equation for CL is given by
(37)
o
where a ^ is an objective rate of the back stress that is corotational 
with the substructure (Paulun and Pecherski [46]).
The objective rate for ot is given by (Paulun and Pecherski [46]).
O •
a = a -  fta + aft (38)
where ft is a modified 6pin tensor. In simple shear Si causes a
retardation to the material spin W which consequently provides a non-
oscillatory solution. This is accomplished through the use- of an
influence function u decreasing with the shear strain. The determlna-
tion of the function <*> is such that the angular velocity Y corresponding
«
to the spin W in simple shear is reduced to the angular velocity $ of a 
single material line element. The objective rate of a given by equa­
tion (38) does not only avoid the unwanted oscillatory stress in the 
simple shear problem, but also provides proper constitutive description 
of anisotropic hardening in finite plastic deformation analysis. It is 
noted in Figure 3a of Paulun and Pecherski [46] that the shear stress 
obtained from Paulun and Pecherski [46], Onat [36,37], Dafalias [35,58] 
and Loret [39] for the simple shear problem increases monotonically with 
increased deformation. On the contrary the shear stress obtained from
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Lee, et el. [34] approaches an asymptotic upper bound with increased 
deformation. It is also noted that the upper bounds for the normal com­
ponent of the back stress obtained by Lorct [39], Dafalias [35,38] 
and Onat [36,37] for the non-oscillatory solution of the problem of
simple shear do not seem to be justified physically (Paunlun and
Pecherski [46]).
The generalization of the modified spin tensor ft to the three- 
dimensional case is accomplished through the use of the theory of 
material substructure as defined by Mandel [41]. Defining ft* such 
that
ft* = W - ft (39)
we express equation (36) as follows:
O
a “ a + ft*a - aft* (40)
where a is the Zaremba-Jaumann derivative given by
a ■ a - Wa + aW (41)
Using the general form of the yield function (32), the plastic spin
may be expressed by the following equation proposed by Dafalias [38]
2 2 2 2
W" » T^Caa - era) + n2 (ot a - oa ) + n3(aa - o a)
2 2 2 2 
+ ri/.Cotaa - a ca) + ricCaaa - a a a) (42)H ****** ** **** j ****** *, ***«
Using the general case of the yield function (32), we may express 
3f/3o^ such that
3 f _  _ 3f_ ^ 1 _  + 3f_ 3f__ 3J3
8o±j 3 ^  30±j 3J2 3ai:j 3J3 3a ^  1 ;
or
3aij 3Jj_ 6ij + 2 3J2 aij + 3 3J3 ami ajm
where ^  J2 = and J3 = aij°jk°ki* Makin8 use of
equations (44) and (36) we obtain:
21
(ad" - d"a) » A [2 -M- (aa - aa) + 3 -ly- (aaa - aaa)] (45)
—— *- ~ 2 3 *v"w'w
While retaining the first term only of equation (42) , it is evident from 
equation (45) that in the absence of terms, the plastic spin may be 
expressed as follows (Dafalias [35,38]):
W" - S(ad" - d"a) (46)
where
Di = 2 K A |£- (47)
However, equation (45) indicates that a particular form of expression
(42) such that:
2 2
w" = q^(ac - oa) + n3(aa - a a) (48)
may be reduced to the form of equation (46) provided that the yield 
function is of such form that constraint (45) is satisfied. Constraint 
(45) may also be indicative of the fact that yield functions containing 
terms require that the plastic spin be expressed by equation (48) and 
not by setting q^ ■ 0. That is, the q^ term needs to be present in the 
plastic spin expression. In the following work, it is assumed that the 
yield function does not contain terms but nevertheless is not limited 
to the von Mises functional form.
Equation (46) may be expressed in indicial notation as follows:
< 4 9 >
where £ is a scalar function of the isotropic invariants of a and o.
The spin (2* is determined from the plastic spin W" and is expressed as 
follows (Paulun and Pecherski [46]):
fl* « qv (50)
where
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r* jt* jii
k m m &  ~ kn nil
V. q " o 1/2 (51)
- d»nanJl)2])1/2
The function n in equation (50) for the case of simple shear yields 
(Paulun and Pecherski [46]):
n - (1 - w) y (52)
or
■ 1 - 4  - ^ - 2  * <53>
1 + y
where y and y are the shear strain and shear strain rate, respectively. 
The above equation represents the difference between the constant 
angular speed produced by the material spin V and the angular velocity 
of the material line element lying initially along the vertical axis. 
This expression relates to the angular velocity corresponding to the
spin S2* and shows to be a function of the accumulated plastic strain y.
Since y may be expressed in terms of the scalar e", such that
y = */3 e" (54)
where
- f t  dw an
We may generalize the expression to three-dimensional analysis for n to 
be (Paulun and Pecherski [46])
n - | [ 3(-”)2 2 e"] (56)
1 + 3(e")
where
n = A n (57)
such that
3 t 3(e")2 r 2 |£—  |Jj— ] (58)
1 + 3(e") I 3 dokZ k£
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Similarly, using equation (36) in expression (51), we eliminate A from
equation (51) such that:
9f  9f__
km So 0 So,
«,     m* kn /en\
k£ = ft- af ~ .2,v 1/2 (59)
(tr[(akm W 7  " So—  “n ^  ]) mx. kn
Substituting the expressions for V and h from equations (51) and 
(56) or (59) and (57), respectively, into equation (50), the spin ft* is 
determined. Equation (40) may now be.expressed as follows:
V  ■ V  - n vkm V  + n “kn V  (60)
We note that in the absence of any plastic deformations, we obtain
v  ■ v  (61)
Equations (46), (49), (51), (52), (53), (56), (58) and (59) have
been obtained on the assumption that the yield function (32) has the
specific form expressed by equation (33).
Before deriving the elasto-plastic stiffness matrix, we need to 
determine the positive parameter y associated with the kinematic 
hardening rule. This parameter is determined assuming that the projec-
O
tion of a on the stress gradient of the yield surface equals to bd":
9f
o nv -• « t i  mu pi .._.
bdk* " mn 3f 3f“  3 a T  (62)
'So~ 'So—  
pq pq
o
where b is a material parameter. Substituting for a and d" in equation
(62) from equations (37) and (36) respectively and post-multiplying the
resulting expression by 3f/9a^, we obtain the required expressed for y:
9f 9f 
So So 
y = A b  2S _  ™
(t — ot ) r—--pq pq 5 0 ^
3f“  (63)
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In order to obtain the elasto-plastlc stiffness tensor, a linear
O
elastic relation Is assumed between the corotatlonal stress rate a and 
the elastic component of the spatial strain rate tensor d' such that
O
°k£ “ EW m n  diLi (64)
or
°k£ Ek£mn dmn ^ Vkp ap£ + ^ ^ q  Vq£ 
where the modulus of elasticity takes the following form:
Ek£ - X 6U  6mn + G(6km d£n + 6kn «£*> (66)
and X and G are Lame's constants. It Is noted that the term -n(voc - av)
in equation (65) acts as a damage effect, during unloading and reloading
in the elastic range, due to the accumulated plastic strains. The
presence of this damage effect Is clearly indicated in the experimental
results obtained by Voyiadjis [52,62]. It is noted in this paper [62]
the degradation of the elastic stiffness, in uniaxial loading, due to
accumulated plastic strains. Eliminating d' from equation (64) through
the use of expressions (37) and (36), we obtain:
(dmn - A <67>mn
The parameter A can be calculated from the consistency condition
“kJl* " 0 (68)
The interpretation of equation (68) can be made on a consistent mathe­
matical basis with the aid of the theory of Lie derivatives (Zhong-Heng 
[63,64]; Yano [65]). Equation (68) is expressed as:
+ + <*»
where the material time derivative of a scalar function is equal to its 
Lie derivative with respect to the velocity vector v.
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Making use of equations (34), (37), (35), (36), (63) and (67) in 
equation (69), we obtain an expression for A:
,3f
A ■ < W ' «
where
„ 3f  _______3f__ 3f 3f
^ " 3t , abed 3t , “ Tic PP9 3 T
ab cd pq
3f 3f 
3a. . 3o\
- (Tef ' °ef> ” ----- 1J' 8f <71)
Substituting for A from equation (70) into equation (67), we obtain the 
elasto-plastic stiffness tensor which corresponds to the loading func­
tion given by expression (32) (provided it does not contain terms). 
The resulting elasto-plastic stiffness tensor is given by
1 3f 3£
^k&mn ^k£mn Q ^pqmn ^k&ij 3a (72)
and
°k£ ” ^k&mn dmn (73)
The corotational rates expressed by equations (73) and (37) may be
integrated numerically using a procedure proposed by Goddard and Miller
[66].
Alternatively, by making use of expressions of the type given by
relation (38), equations (73) and (37) can be expressed as follows:
°k* " V a n  dmn “ °kp V  + ^kq V  (74)
and
V  ‘ - V >  ' %  V  + nk, V  (75)
Equations (74) and (75) may now be used in numerical algorithms (finite 
element methods) to solve boundary value problems.
Chapter 4
DAMAGE AND FINITE STRAIN PLASTICITY
4.1 Criteria for Plastic Deformation and Damage
The yield criterion that will be used in this work is a scalar­
valued function F(t ,ot,<j>»A,K) of the deviatoric component t of the stress 
tensor a, the deviatoric component a of the shift stress tensor a and 
the fourth-rank material anisotropy tensor A, such that
F(T,a,4>,A,iO - 0 (76)
A constitutive model for finite strain plasticity was recently 
formulated [67] in Bpatlal coordinates (Eulerian coordinate system).
Use was made of the generalized von Mlses yield criterion, with both 
isotropic and kinematic hardening, in the form:
f ° 2 (Tkl " akl5 (Tkl " akl5 " °y “ C< " 0 (77)
where is the initial tensile or compressive yield stress from
uniaxial loading and c is a constant that describes the isotropic
component of hardening. In equation (77) , the isotropic hardening
parameter < is obtained from the following relation:
k - akl d»j_ (78)
where dj^ is the plastic component of the spatial strain rate tensor d
and the superdot indicates material time differentiation.
Since the hypothesis of strain equivalence for isotropic damage
leads to an asymmetric stiffness matrix for the general case of
anisotropic damage, Sldoroff [68] proposed the hypothesis of elastic
energy equivalence. This latter hypothesis assumes that the elastic
energy for a damaged material is equivalent in form to that of the
undamaged material except that the stress is replaced by the effective
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stress in the energy formulation. Since the yield function that will be 
used is based on energy considerations, we can use the hypothesis of 
elastic energy equivalence to write:
F(t - F(T,a,0,A,tc) (79)
where t , a and k denote the effective counterparts of T, a, and k , 
respectively.
Combining equations (76) and (79) and using the generalized 
von-Mises yield criterion given by equation (77), we obtain:
f = I <*kl - “kl> ^kl " “kl} - al ~ ci< (80)
In equation (80), the assumption is made that although voids may be 
rearranged and the material undergoes damage, the yield strength of the 
material in uniaxial tension remains constant in the fictitious 
undamaged state.
The damage evolution criterion used in this work is proposed by 
Lee, et al. [69] and is given by
g(o,B) = | Jljkl 5±j akl - [Bq + B(g)] = 0 (81)
where B^ is the initial damage threshold, B(8) is the increment of 
damage threshold and g is a scalar variable that represents overall 
damage. In equation (81), J is a fourth-rank symmetric tensor that is 
represented by the following matrix [69]:
[J]
1 V V 0 0 0
V 1 y 0 0 0
V V l 0 0 0
0 0 0 2(l-y) 0 0
0 0 0 0 2(l-y) 0
0 0 0 0 0 2(1-
(82)
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where p Is a material constant satisfying - 1/2 ^  y <_ 1 .
4.2 Constitutive Model; Undamaged Deformed State
The formulation of the constitutive model will be derived now with 
respect to the hypothetical undamaged deformed state of the material 
(see Fig. 2.1). The resulting constitutive equations along with the 
"hypothetical” elasto-plastic stiffness tensor will be transformed into 
the actual deformed damaged state of the material.
Assuming small elastic strains but finite plastic deformations, the 
effective spatial Btraln rate (i.e., spatial rate based on the 
hypothetical undamaged state) is decomposed into (Nemat-Nasser [58], Lee 
[60]);
3kl " 5kl + 5kl <83>
where d ^  is the elastic component of the spatial strain rate The
above equation will be true for any amount of elastic strain if the
physics of elasto-plasticity is invoked, for example the case of single
crystals. A thorough account of this is given by Asaro [61].
An associated flow rule of the type shown below is postulated 
(derived later) based on thermodynamics with internal state variables:
5ki - f r -  (“ )
3°kl
To describe the evolution of a, the Prager-Ziegler kinematic 
hardening rule [57] is used in the form:
O
a = y (t - a) (85)
o
where a is an objective rate of the backstress a that is corotational 
with the substructure (Paulin and Pecherski, [46]). This rate is given 
by:
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a = a - fla + aSi (86)
where ft Is a modified spin tensor given by (Paulin and Pecherski, [46]): 
ft = 0) W (87)
W is the material spin tensor and bi is an influence function. Several 
authors, Dafalias [35,38], Loret [39], Onat [37], Dienes [70], and Lee, 
Mallet and Wertheimer [34], used different expressions for to. A com­
plete account of this is given by Voyiadjis and Kattan [67].
Before deriving the elasto-plastic stiffness tensor, we need to 
determine the positive parameter y associated with the kinematic 
hardening rule. This parameter is determined assuming that the 
projection of a on the stress gradient of the yield surface is equal to 
bd" (in the fictitious undamaged state):
9f
3° a*
b3k i -  5«n 5f  I t  • <88)
i r  ; r  30“
pq pq _
where b is a material parameter. Substituting for a and d11 in equation 
(88) from equations (85) and (84) respectively, and post-multiplying the 
resulting expressions by 9f/9a^» we obtain the required expression for 
y:
9f 9f
9a do , mn mn
y = X b — ----- 3----—  (89)
1 (f _ a ) 
pq Pq 9a 
pq
In order to obtain the elasto-plastic stiffness tensor, a linear 
elastic relation is assumed between the effective corotational stress
O
rate O and the elastic component d' of the effective spatial strain rate 
tensor d such that:
30
a. . = E. , d' (90)kl Klmn mn
where the modulus of elasticity tensor takes the following form:
E. . - U .  6 + G (6, 6. + 6, 5, ) (91)Klmn kl mn km In kn lm
and X and G are Lame's constants. Eliminating d1 from equation (90)
through the use of expressions (83) and (84), we obtain:
P
a.. - E., (d - X. ^ — ) (92)kl klmn mn 1 «-
damn
The parameter A^ can be calculated from the consistency condition: 
f (Tki,5ki,0,K) - 0 (93)
The interpretation of equation (93) can be made on a consistent 
mathematical basis with the aid of the theory of Lie derivatives 
(Zhong-Heng [63,64], Yano [65]). Equation (93) is expressed as:
" u  3“k!
where the material time derivative of a scalar function is equal to its 
Lie derivative with respect to the velocity vector v.
Making use of equations (78), (85), (83), (84), (89) and (92) in 
equation (94) we obtain the expression for A^:
1 Jf _
A. = i  — —  E. . d (95)1 Q klmn mn v '
3Tkl
where
n 9f „ 3f Sf - 3fq = — —  E - , —  s - o
3t . *bcd 3? ,, 3,c P<1 97ab cd pq
Substituting for from equation (95) into equation (92), we 
obtain the elasto-plastic stiffness tensor which corresponds to the 
fictitious undamaged state. The resulting elasto-plastic stiffness 
tensor is given by:
Alternatively, by making use of expressions of the type given by 
relation (86), equations (98) and (85) can be expressed as follows:
Equations (99) and (100) can be used in finite element analyses to solve 
boundary value problems of plastic deformation and damage.
4.3 Transformation Equations
In the following derivation, we adopt the same two assumptions as 
mentioned in Chapter 2, namely: (1) the elastic deformations are small
(infinitesimal) compared with the plastic deformations (finite), and 
(2) there exists an elastic strain energy function.
Upon investigation of the first assumption given above, small 
infinitesimal elastic strains imply that the spatial elastic strain rate 
tensor, d 1, is equal to the material time derivative (or corotational
^klmn * *Tcli pqmn (97)
and the plastic constitutive equation takes the form:
O
“kl = ^klmn ^mn (98)
°kl ^klmn ^mn °kp ^pl + ^kq °ql 
akl = £ (tkl " “kl5 ' “kp fipl + nkq “ql
(99)
(100)
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derivative) of the engineering elastic strain tensor e ’. The author
also deduces that the two assumptions given are not independent of each
other. This is shown by taking the corotational derivative of equation
(8). Comparing the resulting equation with expression (98), we conclude 
» .
that d' *= e' •= e' for small strain elasticity (no restrictions on the 
amount of rotations involved). This is due to the fact that second 
order terms are neglected. Therefore, each of the assumptions given 
implies the other.
Let D be the elasto-plastic stiffness tensor that includes damage 
effects (i.e., derived in the deformed damaged state). Then we can write 
equation (98) for this state as follows:
O
CT. . = D. , d (101)kl klmn mn v '
Utilizing the hypothesis of elastic energy equivalence again in the
form
f(a,<|>,K) ■= f(a,0 ,<) (102)
and substituting for f from equations (77) and (80) into equation (102), 
we obtain:
f  (akl " “kl5(akl " “kl5 “ CK “ f  (“ij “ “ ij)(“ij “ “ij5 - c*
(103)
Differentiation of equation (103) and substitution for K and ic from 
equation (78) results in
3(aki - “kiH °ki - “ki> - c aP, dp, ■
O O
3(“ij " “ ij)(“ij - “ ij5 " c “mn (104>
Equation (104) holds for materials exhibiting both isotropic and
kinematic hardening (represented by the terms containing c and a,
a # ««
respectively). However, equation (104) holds also for materials
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exhibiting kinematic hardening only (by taking c = 0). Thus, the first
terms on each side of equation (104) are equal, leading to
0 d" - 0 d" (105)pq pq mn mn
Substituting for 0 from equation (5) into equation (105), we obtain 
the following relation between the plastic spatial strain rate tensor 
and its effective counterpart
5±j ■ “ilki dki <106>
The similarity between equations (16) and (106) is to be noted
though the derivation of each is independent of the other. A similar
relation between the elastic spatial strain rate tensor d' and its
effective counterpart cannot be assumed due to the fact that the tensor
M is a function of the damage variable cj>. In order to obtain such a
relation, the first assumption made in the beginning of this section
(small strain elasticity) is to be used along with equations (83), (106)
and (16). The sought relation then takes the following form
d' - MTT E 1 + mTJ. . d' (107)ij ijmn mn ijkl kl '
Equation (107) does not represent a linear transformation as those 
appearing in equations (16) and (106) due to the presence of in
O i j  m
equation (107) , M is obtained from the identity M M  ** I by taking
O
the corotatlonal derivative of both sides and noting that 1 = 0 .  The
°-T
resulting expression for M takes the the following form
O r r  m  O r p  m
Mr 1 = “ 1 MJ. M (108)Tclmn ijkl ijpq pqmn v 1
°Twhere M is given by (chain rule)
Mijpq = 8(l) ^mn C109)mn
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4.4 Constitutive Model: Damaged Deformed State
The theory of thermodynamics with internal state variables is used 
to derive the evolution equations for both the damage tensor and the 
plastic component of the spatial strain tensor. At any time t, consider 
a set JHt) of total volume V, with a boundary T(t) of total surface area
A. Isothermal conditions are assumed with no heat flux or heat supply.
Apply the principle of conservation of energy in the global form to the 
set ft(t) in the deformed damaged state
SSS p. v dV + IS t, v. dA » jfr /// Gy v. v, + $) p dV (110)
0 (t) 1 1 T(t) K K dC fi(t)
In equation (110), p is the density, v is the spatial velocity of 
the particle, p and t are the body and surface forces, respectively, and 
$ is the internal energy per unit mass. The rate of change of internal 
energy p(d<t/dt) is equal to Substituting this into equation
(110), we obtain:
sif P4 V. dV + ff t, v, dA = fff \ v, v p dV + /// a d dV
fi(t) 1 1 r ( t )  k k dt n(t)  2 j 3 n( t)  pq pq
(111)
The second law of thermodynamics in the form of the Clausius-Duhem 
inequality is expressed for this problem as follows:
pT(dS/dt) > 0 (112)
where T is the absolute temperature and S is the entropy per unit mass 
for the set fi(t). The inequality given in (112) implies non-negative 
entropy evolution. Since pl> = a ^ d ^ ,  we can rewrite (112) as follows: 
pTS - pi + a±i d±j >_ 0 (113)
where ( ) ■* d( )/dt. Rearranging the terms in inequality (113), we 
obtain
°ij dij " ~ TS) >_ 0 (114)
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Recalling the definition of the free energy per unit mass ¥
¥ = 4> - TS (115)
and differentiating equation (115) with respect to time (with T being 
constant), we substitute the resulting expression into inequality (115) 
to obtain
°ij dij ~ -  0 (116)
The free energy per unit mass ¥ depends on the elastic component of
the strain tensor e 1, the absolute temperature T, the overall damage B,
and the damage tensor i.e.,
¥ - ¥ ( e ' , T , M )  (117)
Upon differentiation of equation (117) with respect to time, we
obtain
* 3 ^ 7  dij + W  6 + 3 ^  ♦ki (118)
In obtaining expression (118), the assumption of infinitesimal 
elastic strains is used to obtain the first term along with the assump­
tion of isothermal conditions (T = 0). Using the additive decomposition 
of the spatial strain rate d as given in equation (83) along with the 
expression for ¥ given in equation (118) and substituting them into 
inequality (116), we obtain
(a-n ” p If*- ) dU  + a d" ~ p IS & - p H -  i n  > 0 <119)ij K Eij mn mn K 9|3 ^kl —
We can now define three generalized forces corresponding to d", 8
O
and <f>. These are given by, respectively, a, -p(3¥/38) and -p(3¥/3(j)) 
that appear in (119). Consequently, we can define the power of 
dissipation II by
n ■ <q3 +  ° kl J kl - » a (iso)
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The actual values of the variables a, <f>> < and B will extremlze the 
power of dissipation II subject to certain constraints. The problem now 
Is to obtain a stationary value for H as given In equation (120) subject
to the two constraints f(a»(j)»ic) = 0 and g(cr»B) ■ 0. Using the theory of
functions of several variables, we Introduce the Lagrange multipliers X^ 
and and construct the function H such that
H - n - ^ f - X j g  (121)
The problem now reduces to that of obtaining the extremum of the
function H. This is done by satisfying the following two necessary
conditions
|jj - 0 (122)
f f  ■ ° (123)
Substituting equation (121) into equations (122) and (123), we
obtain
f  ■ f  -  *1 I f  -  *2 I f  ■ ° (124)
- t - X2 §§ - 0 (125)
It is clear from equation (81) that 8g/3B = -1. Using this in
equation (125) leads to ^  = g. If we consider that damage and plastic
flow evolution as two independent processes, equation (124) reduces to 
the following two evolution equations
f  -  h I f  <i26>
$ - 4 f* <127)
Considering the damage strengthening criterion given by equation 
(81), we invoke the consistency condition g(a,<J>,B) « 0. This leads to
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iLii  n + ^ —  <t) + -^ B = 0 (128)
3 0 + 3(j>kl '♦’kl + 3B ° U
® • •
Substituting for (J> from equation (127), 8g/3B *= -1 and B «* B(3B/3B) into
equation (128) and then solving for the overall damage evolution 
parameter 8, we obtain
6 ■ i t :  i L r & _  tl29)
9B 3d) 30
pq pq
The evolution equation for the damage tensor $ is now obtained by 
substituting the expression for 8 given in equation (128) into equation 
(127)
3fS_£
3o,, ij a
*kl " 3B 3g 3g 3o. (130)
90 " 3*pq 9°pq
Next we derive the effective elasto-plastic stiffness tensor (i.e., 
with damage effects). Substituting for 0 and d from equations (80) and 
(107), respectively, and substituting for e' from equation (110), (where
*vt
unbarred variables are used to indicate the state of deformation and 
damage), we obtain
M., 0 + M. . O - D..1,(mTJ E-* 0 , + M,-? , d ,) (131)ijpq Pq ijmn mn ijkl Kirs abrs ab Tiled cd
0 ° —t
Now substitute for M and M~ from equations (109) and (108),
respectively, into equation (131) to obtain 
3Mi_. 0 °
34 ^xy °pq + Mijmn °mn “ Dijkl(Mklcd dcd xy
„-T 3Mefgh ° „-T „-l „ ....— M , 77—  • d) M , E , 0 , ) (132)efkl 3d) Tuv ghrs abrs ab^uv
The last step is to substitute the evolution equation for <p as 
given by equation (130) into equation (132). Upon rewriting the
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resulting equation in a way that is comparable to equation (101), we 
obtain the following expression for the effective elasto-plastic stiff­
ness tensor D in terms of E, D, M and partial derivatives of the 
functions g and B.
D = [M + (k  amncd ijmn <)<}> So pq
xy mn xy
+ “ijkl 3 ? ^  i f -  I f -  ^ghrs “abrs** I t V  TTIT-l l l t f  °uv mn uv
(l f  " If— D M^ Jcd
Zt Zt
(133)
The presented model can now be used to solve boundary value 
problems of plastic deformation and damage. The expression given in 
equation (133) is the elasto-plastic stiffness matrix to be used in 
finite element calculations.
Chapter 5
FINITE ELEMENT FORMULATION
In this chapter we present the necessary equations that enable the 
numerical analyst to implement the presented model on high-speed 
computers using finite elements. An Updated Lagrangian description is 
used for the numerical implementation of each load Increment. This is 
done in such a way that use is made of the current deformed configura­
tion of the body (assumed known) in order to obtain the required 
quantities in the neighboring incremented configuration. Linearization 
of the nonlinear equations is performed and the Newton-Raphson method is 
used for the solution of the resulting equations. The necessary dis­
cretized equations will be derived here based on the principle of 
virtual work although other methods may be used (Zienklewicz and Morgan 
[71]).
The use of an Updated Lagrangian description in finite element 
analyses is well documented in the literature (Bathe [72]; Cescotto et 
al. [73]). In the following derivation, emphasis is placed on the 
important aspects of this method rather than on the details of the 
finite element equations. For the details, the reader is referred to 
the references by Zienklewicz [74] and Oden [75].
Consider the motion of the body in three successive configurations 
(see Figure 5.1): the Initial configuration JUt^) , the current deformed
configuration J2(t) and the incremented configuration fl(t) with total 
volumes Vq , V and V, respectively. Let r(tQ), T(t) and F(t) denote the 
boundaries of the above configurations with total surface areas Aq » A 
and A, respectively. It is assumed that the initial configuration
39
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FIGURE 5.1: DIFFERENT CONFIGURATIONS OF THE BODY
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J2(tQ) Is both unstressed and undeformed. Using the principle of virtual 
work, one can write the equilibrium equations of the body in J2(t) as 
follows:
Ilf a,. 6e.. dV = Iff p p. 6u, dv + // t. 6u, dA (134)
fi(t) 13 XJ net)  1 1 r ( t )  1 1
where 6u^ is a field of virtual displacements that is compatible with
the applied forces and Is th® corresponding field of compatible
virtual strains given by
9 (Su ) 9(6u )
- I  +  - 5 ^ - 1  (135>
The displacement field u^ from fi(t) to H(t) is discretized as follows:
ui = hi ^°a'xj^ (136)
where u (a = 1, 2, ..., n) are the unknown nodal displacements. The 
discretization functions h^ are defined with respect to the configura­
tion fi(t). Taking the variation of equation (136), we obtain the 
following expression for the virtual displacement field 6u^:
3hi
{ui ■ sir (W  6ua (137)a
Denoting L as the partial derivatives of 8h /8u , one can now express ia x a
equation (137) as follows:
Su± - Lla 6ua (138)
It is noted that equations (136) through (138) are valid for any large 
displacement field u^. However, the displacement field u^ from fl(t) to 
ft(t) is incremental (infinitesimal). This fact imposes certain 
restrictions on the discretization functions h^. When the body is in 
fl(t), the functions h^ and its material derivatives must vanish, thus
9h. 92h.
hi (Ua = 0) lo =0 " (3x 3 ^  ly =0 " 0 (139)j a j k a
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where it is emphasized that x^ denotes the current cartesian coordinates
of material points in the deformed configuration fl(t). Since the
discretization involves small displacements, one can consider only the
linear part of the Taylor Beries expansion of the functions h^ about
U = 0 as follows: a
Sh. 3h.
u = h± (0a = 0) + 3—  | dx + 3— | do (140)
j a J b a
Recognizing that the first two terms in the above expansion vanish 
(since they are in ft(t)), equation (140) may be expressed as follows:
Ui " Lib <Ua - °> dUb <141>
Let (Oa *= 0) and let *= do^, then the discretized displace­
ment field is finally written as
ui " Nib qb (142)
where q^ are infinitesimal (Incremental) nodal displacements and are
the shape functions.
Substituting for 6u^ form expressions (137) and (142) into equation
(134) and utilizing equation (135) for the virtual strains, we obtain
the discretized equilibrium equation (note that the quantities q^ are
arbitrary and thus are eliminated from the final equation) as follows: 
3N.
a-M dv e H I  p p .  N. dV + SI t. N. dA. (143)
fi(t) 13 dxj  n ( t )  1 l a  r ( t )  1 la
One finally obtains the incremental equilibrium equations in the Updated 
Lagrangian description by differentiating both sides of equation (143) 
with respect to x^
([K] + [K](a) + [K](NC)) {du} - {dP} (144)
where {du} is the unknown incremental vector for the nodal displacements 
and {dP} is the corresponding incremental vector for the nodal forces 
which is given by
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dPo = Iff P(dp.) N. dV + If (dt.) N. dA (145)
a fi(t) 1 la r (t) 1 la
In equation (144), [K] is the symmetric "large displacement" matrix.
[ K ] ^  is the symmetric "initial stress" matrix, and { K ] i s  the
non-symmetric "displacement dependent load" matrix. These matrices are
given by
3Nia - 3NkbK . = /// E... 0 dV (146)
ab n(t) 3xj ljkil 3x a 
3N, 3N.,
K ? = SIS O dv (147)
ab S2(t) 3xi ±j 3xj
and
fNCl 3 *^i
' = fff p N ,, N, dV + // T., N, dA (148)
ab n(t) 3xj jb ia r (t) lb la
where is defined by the following relation 
3ti
Uj " Tib qb (149)
The discretized equilibrium equation (144) expresses the equili­
brium between the internal forces (q ) (on the left-hand-side) and the 
external forces {P} (on the right-hand-side). The residual force vector
{R } is defined by e
{Re> - {P} - {Q} (150)
The presented model of damage and plasticity is Implemented 
numerically using the finite element method. For this purpose, an 
Updated Lagrangian description is used that is general in the context of 
material and geometric nonlinearities. The basic assumptions and 
equations for this finite element formulation have been presented for 
the coupling of elasticity and damage. Consequently, the same equations 
will again be used here with the only difference being in the construc­
tion of the stiffness matrix, specifically, the part given by the matrix
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[K] in equation (144). The nonlinear material model developed here can
be easily implemented using the effective elasto-plastic stiffness
tensor Thus, equation (146) is now rewritten as
9N. 3N.
K u - SIS -*-=■ D . dV (151).
ab fl(t) 1Jk*
while the equations for [ K ] ^  and [K]^NC  ^ remain unchanged. The
discretized equilibrium equation (143) along with the incremental
(linearized) equations (144) are again utilized here in the finite
element Implementation of the proposed model. The necessary subroutines
to calculate the tensor are given in Appendix B. Enough comments
are added to make them self-explantory. For more details the reader is
referred to the classical books of Zienklewicz [71,74].
The incremental Internal energy is used as the main factor in the
convergence criterion. This quantity is monitored at the end of each
Iteration and convergence is obtained when AW^^ < a where AW ^ ^n —  n n
is the incremental internal energy in the ith iteration at the nth load 
increment and a is a positive small number. During the iterative 
equation solution, the strictest convergence factor is 1 x 10-b and the
_3
least accepted convergence factor is 1 x 10 . The maximum allowable
number of iterations for each load increment is taken to be 20.
Finally, it should be noted that a new independent variable, 
namely, the damage tensor tf>, appears in the finite element formulation. 
Therefore, the necessary modifications should be made so that the 
evolution equation (31) is incorporated in the finite element code. 
Furthermore, it must be emphasized that the variable <f> is based on the 
deformed configuration fi(t) which makes the Updated Lagrangian 
description very convenient to use. If the Total Lagrangian description
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were to be used, then the damage tensor (f> must first be transformed into 
the initial configuration ft(tQ) which makes the resulting equations more 
complicated.
Chapter 6
APPLICATIONS I
6.1 The Problem of Finite Simple Shear
The problem of simple shear in the x^ direction as shown in
Fig. 6.1i is given by the following displacement field
- ktx2 (152a)
u2 - 0 (152b)
u3 - 0 (152c)
where k is a constant representing the shearing strain rate and t is the 
time. The corresponding velocity field is expressed by
Vj « kx2 (153a)
V, - 0 (153a)
(153a)
The deformation gradient F and the velocity gradient L are given by, 
respectively,
(154)
v3 - 0
~1 kt o"
F - 0 1 0
0 0 1
“o k 0“
L = 0 0 0
_0 0 0
Since,
(155)
d + W (156)
where d is the rate of deformation (symmetric part of L) and W is the 
total spin (antisymmetric part of L) then we obtain
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FIGURE 6.1: SIMPLE SHEAR PROBLEM AND MATERIAL PROPERTIES OF METAL
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j k
* 2
0 1 0  
1 0  0 
0 0 0
(157)
and
0 1 0
-1 0 0 (158)
0 0 0
Using equations (71), (72) and (66) together with equation (158), we 
obtain
0lj " k Eijl2 " [(Tpq " apq5 Epql2 EijkJ, (TkJi " “ki,5 ] (159)
O
Similarly for a we have
•■v
18 kGb
akS, Q (T12 “l25 (TkJl “ “k ^ (160)
From equations (159) and (160), the corotational rates are given 
explicitly as follows:
a m  2G d - -3-6nkG2 (t12 - o 12) T (161)
and
° 18 kGb , s _
“ Q 12 “ “ l2 ~ (162)
where
T11 “ a ll T12 a 12
T12 “ a12 T22 “ a 22
0
0
0
t 33 “ “ 33
(163)
and
Q - 9(b + 2G)(xu  - a u )(xk£ - a kA) + 3 c apq(Tpq - apq) (164) 
Using the following two equations
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a - o - a f i  + fia (165)
°
a = a - afi + fla (166)
together with (161) and (162) and the following expressing for fi
(167)
we obtain the following system of differential equations In 0 and a 
respectively
~  0 l <r
n = u w = ~ -i 0 0
0 0 0
2 - 2 G 5 - “ c T L <Ti2 - ai2> I + ¥ f
• _ 18 kGb  ^ m . t»)k „a
2 " — Q  12 " 12 I + 2“ 5
(168)
(169)
where
2012
a - o 
22 11
°22 " °11
-2012
0 
0
0 0 0 
and likewise for Stt.
6.2 Numerical Solution of the Differential Equations of Simple Shear 
The problem of simple shear is first solved numerically by using a 
Runge-Kutta-Verner fifth and sixth order method for the solution of the 
governing differential equations (168) and (169). The value of w in 
Figures 6.2 and 6.3 for these equations is assumed to be constant. 
Several values for w are used ranging from 0.05 to 1 in the solution of 
the problem. In Figure 6.2 the shear stress 0^  is plotted versus the
shearing strain y for different values of 0). It is clear from the
figure that for values of w greater than 0.2 oscillations in the
stress-straln curve occur within this region (up to 1000% strain). We
(ks
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FIGURE 6.2: VARIATION OF an vs. 7 FOR DIFFERENT VALUES OF u>
Ui
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FIGURE 6.3: VARIATION OF <7U vs. 7  FOR DIFFERENT VALUES OF w
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note that as the value of u) approaches zero, the shearing stress 
increases indefinitely as the shearing strain Increases.
In Figure 6.3, the shear stress a ^  *s pl°tted versus the shearing 
strain y for different values of u>. This figure also shows that as oj 
increases, oscillations occur in the curve as explained earlier. It is 
interesting to note that for the case of to «= 1 , we obtain the solution 
for the Jaumann rate which is oscillating as shown in Figure 6.3. We 
note in this figure that all values of u give similar results up to a 
strain of about 100%.
In Figures 6.4 to 6.6 the shearing stress a the shift component 
a^2» an<* t*ie normal stress a ^ »  are plotted versus the strain y for 
different proposed expressions for oj. It is noted that in all the 
curves o an<* increase monotonically without bound as y increases 
and no oscillations occur. Nevertheless, the expressions proposed by 
Dafalias [38], Loret [39], and Onat [36] as well as Paulun and Pecherski 
[46] seem to give better correspondence with the results shown in 
Figures 6.7 and 6.10 for curves 3 and 4. On the other hand, Figure 6.6 
shows that for the stress the expressions proposed by Dafalias [35]
and Dienes [70] give results that are closely related to the results 
obtained in Figure 6.8 by numerically integrating the constitutive 
equations with the corotational rates given in equations (73) and (37).
There is a special case of the differential equations (168) and 
(169) where an analytical solution can be obtained. This case is based 
on the assumption that *“ ai2* This assumption is one of two 
possible ways of achieving 0^3 ** 033 c 0 in equations (168) and (169). 
Next, we investigate the nature of the solution for this case.
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The other possible alternative of obtaining “ 0 t0 assume
33
a
33* However, this case cannot be solved analytically but can be
solved numerically similarly to the solution presented in this section.
6.3 Special Case of the Analytical Solution of 
the Differential Equations of-Simple Shear
For this case the system of equations (168) and (169) reduce to an 
uncoupled system of equations given by
• N
°11 0 0 2 0 J °11
*12 tz> kG + f  -1 0 1 i °12 ► - (170)
°22 0 0 -2 0 °22
and
“ll " 0 2 0 “
f \
all
“12
i wkts —
2 -1 0 1 1 a12 (171)
a22 0 -2 0 a22
We note that in both systems of equations (170) and (171), the material 
parameters c and b do not appear explicitly. They can be incorporated
in an appropriate expression for w. But since to is assumed to be
constant, this solution does not incorporate the material parameters b
and c.
From equations (170) and (171), we obtain the following two
uncoupled second order differential equations:
2 2
a12 + u k a12 - 0 (172)
and
2 2
o12 + u k a12 = 0 (173)
The solution of equations (172) and (173) is given as follows:
a12^  = A c°s(ookt) + sln(tokt) (174)
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—  B
a,„(t) ■ A cos(wkt) + —r sin(wkt) 1Z uk
(175)
where
(176)
B = kG + | wk[a22(t0) " (177)
A - a12(t0) (178)
B = \ uk[a22(t0) - au (tQ)] (179)
and is the time parameter indicating the initiation of plastic flow. 
The corresponding solutions for and 0^2 are given by
Similar expressions hold for oc^(t) and a22(t).
It is noted that this special case of the simple shear problem is 
similar to that obtained by Faulun and Pecherski [46].
6.4 Numerical Integration of Corotational
Rates in Constitutive Equations
The use of integration of material rates for tensors obtained from 
constitutive equations through the use of corotational rates leads to 
mathematical inconsistencies of the theory of Lie derivatives 
(Zhong-Heng [63,64]; Yano [65]). The Integration procedure followed in 
this work is that proposed by Goddard and Miller [66] and used later by 
Reed and Atluri [76] and by Chandra and Mukherjee [77]. This procedure 
is given by the integral:
0--(t) = A /![ U)k cos (wkT)dT + B sin(wkT)dT 
0 0
°22(t) " " 0ll(t> (181)
(180)
O(t) - Q(t) O(t0) QT (t) + Q (t) [/J QT (t) o(t) Q(T)dT] QT (t)
(182)
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a(t) = g(t) ot(t0) gT(t) + g(t) [/* 9T (t ) a(T) 9(T)dT] 9T (t)
0 (183)
where 9 an orthogonal rotation tensor satisfying
I (184)
First, the integration in equations (182) and (183) is performed
T T
9 9 - 9 9
using 9 = R where R is obtained from the polar decomposition of the
T°deformation gradient F. The expression R Or transforms the components
O
of ^ in a local basis that is rotating with respect to the fixed global
basis, while R is the measure of this rotation. The integration is then
performed with regard to an observer rotating with the basis. Pre-
Tmultiplication by R and post-multiplication by R of the resulting 
integration at any time t, gives the Cauchy stress components in the 
required global basis.
Using the polar decomposition theorem and the expression for F in 
equation (154), we obtain:
-2 -kt 0
74 + k2t2
kt -2
74 + k2t2
(185)
0 0
Alternatively, equations (182) and (183) are integrated using 9 
where Q is obtained from
S (t ) - w g c t ) ,  Q(t0) - I (186)
where W is the total spin tensor and is obtained from equation (158). 
Solving the differential equation in expression (186), for g, we obtain:
The stresses a ^  and are plotted versus the strain in Figures 6.7 
and 6.8 respectively. The results are compared for the solution 
obtained directly by solving the differential equations numerically and 
the solution obtained by Integrating the constitutive equations using an 
orthogonal rotation tensor. It is clear from Figures 6.7 and 6.8 that 
using R as an orthogonal rotation tensor gives satisfactory results that 
are comparable with the numerical results obtained from the differential 
equations using a value for ^ - 0.15. However, it is noticed that when 
using Q, obtained from the total spin, the stress-strain curves show 
oscillations when reaching a strain of about 250%. Thus, it is 
recommended that R be used in the numerical Integration of the 
constitutive equations.
The analytical solution for the shear stress 0 ^  also shown in 
Figure 6.7 for the special case discussed earlier. This solution seems 
comparable to the solution of the differential equations. The dif­
ference in these two solutions is due to the absence of the parameters b 
and c from the equations used to obtain the analytical solution.
In Figure 6.9 and 6.10, the components of the shift in spatial 
coordinates and are plotted against the strain. In this case 
also it is observed that using R gives a more satisfactory solution that 
is comparable to the numerical solution of the differential equations. 
Oscillations occur when using Q.from the total spin, and the behavior is 
similar to that of the stresses 0^  and 0^ .
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Chapter 7
APPLICATIONS II
7.1 Elastic Ductile Fracture
The proposed model presented in Chapter 2 is primarily derived to 
solve problems in elastic ductile fracture. As an example, the problem 
of crack initiation in a center-cracked thin plate that is subjected to 
inplane tension is analyzed.
The plate is symmetrical in geometry and loading as shown in 
Figure 7.1(a). It is made of aluminum alloy 2024-T3 (E = 73,087 MPa,
V = 0.3) with a thickness of 3.175 mm. Since the thickness is small 
compared to the other dimensions, a state of plane stress is assumed.
Due to symmetry, in Figure 7.1(b) only one-quarter of the plate is 
discretized by finite elements.
An optimum finite element mesh around the crack tip is used as 
shown in Figure 7.2. This grid has been previously used [78] to analyze 
plane stress and plane strain conditions under mode I tensile fracture. 
The use of this grid has been proven to be successful [78] as it is 
especially designed to be used around crack tips of the type considered 
here.
The eight-node quadrilateral isoparametric element is used in this 
finite element analysis. It is noticed that a large number of regular 
elements is used around the crack tip in order to avoid the use of 
special (singularity) elements at that point [79,80]. Consequently, a 
total of 381 elements and 1,228 nodes is used.
The problem is solved independently by first assuming elastic 
material behavior and then using the proposed coupled theory. The load
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Is Incremented with uniform load increments of 10 MPa. This process is 
terminated when a final load of 300 MPa is reached which is far beyond 
the anticipated crack Initiation load. The overall damage parameter 8 
is monitored in the elements surrounding the crack tip at each load 
increment since it is this factor that is used to determine crack 
initiation. The results of this analysis are examined after the 9, 18 
and 27 load Increments. However, the results are shown here after the 
27 load Increment is completed for a value W = 0.4.
The critical value for the overall damage parameter 8 is taken to 
be 0.115. This value is obtained experimentally from uniaxial tests 
performed by Chow and Wang [81]. The corresponding value for the load 
causing crack initiation is determined here to be 243 MPa. It should be 
noted that this value is dependent upon the appropriate choice for the 
constant y. It is noticed that convergence is obtained in less than 20 
iterations for each Increment of load.
In Figure 7.3, the distribution of the axial strain £ is shown 6 yy
around the crack tip for the two cases of elasticity and elasticity with 
damage. It is noticed that the values of £ ^  are highest at the crack 
tip and they decrease in magnitude as one moves away from the crack tip. 
It is also noticed that the inclusion of the damage model in the 
analysis has reduced the axial strains although the order of the strains 
is the same for both constitutive models. The maximum value of £ isyy
0.0212 for the coupled model compared to 0.0269 for the elastic 
solution.
The distribution of the axial Cauchy stress a is shown in 
Figure 7.4. The stress contours are shown around the crack tip for both 
constitutive models. It is noticed that slightly higher stresses are
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FIGURE 7.4: DISTRIBUTION OF avy AROUND THE CRACK TIP
(a) ELASTICITY, (b) ELASTICITY WITH DAMAGE.
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obtained when the coupled theory is used. This is mainly attributed to 
inclusion of the damage parameters in the equation. The concentration 
of high stresses is clearly displayed in the figure. The Cauchy stress
Oyy decreases in magnitude as one moves away from the crack tip. A
maximum stress of 2*657 MPa was obtained using the coupled model 
compared to 2,651 MPa from the elastic solution.
The volumetric Cauchy stress, o , where cj = o + 0  is shown inv v xx yy
Figure 7.5. It is noticed that generally a similar stress distribution 
is obtained as that for °yy* Again we notice that the coupled damage 
model gives slightly higher volumetric stresses than the elasticity 
theory. In this case also the volumetric stress contours decrease in 
magnitude away from the crack tip.
In Figure 7.6 the Cauchy shear stress, a , is shown around thexy
crack tip. In this case we notice that the damage model gives slightly 
lower stress values when compared with the elastic solution.
It is noticed that higher normal stresses and lower shear stresses 
are obtained when the damage model is incorporated in the elasticity 
solution. However, the magnitude of the strains is decreased for both 
normal and shear strains. By comparing the damage model with the 
elastic solution (undamaged), the author feels that the results obtained 
are satisfactory.
7.2 Elastoplastic Ductile Fracture
A center-cracked thin plate as shown in Figure 7.1 is analyzed.
The plate is subjected to uniaxial tension in the y-direction. The 
material used is aluminum alloy 2024 T3 (E ** 73,087 MPa, V = 0.3) with 
both the kinematic and isotropic hardening parameters of b = 275.8 MPa
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FIGURE 7.5: DISTRIBUTION OF ct,  AROUND THE CRACK TIP
(a) ELASTICITY, (b) ELASTICITY WITH DAMAGE.
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FIGURE 7.6: DISTRIBUTION OF crxy AROUND THE CRACK TIP
(a) ELASTICITY, (b) ELASTICITY WITH DAMAGE.
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and c ** 792.9 MPa, respectively. Initial yielding is characterized by 
0/^3 = 226.8 MPa. Since the thickness of the plate (t *= 3.175 mm) is 
small compared with the other dimensions, a state of plane stress is 
assumed.
Since the plate geometry and loading are symmetrical, only 
one-quarter of the plate is discretized by finite elements as shown in 
Figure 7.2. The same optimum finite element mesh used in Section 7.1 is
utilized here. Eight node isoparametric quadrilateral elements are used
in the finite element grid. Again, we avoid the use of singularity 
elements around the crack tip by using a large number of regular 
elements at that point. The total number of elements used is 381 with 
1,228 nodes.
A load increment of 10 MPa is used until a total load of 300 MPa is 
reached. The results of the finite element analysis are shown here for 
a value of y = 0.4 after the 27 load increment. It is noticed that
convergence is achieved in less than 20 iterations for each load
increment.
In Figure 7.7, the development of the plastic zone is shown around 
the crack tip. The results are shown after the 8, 14, 22 and 30 incre­
ments of load in Figures 7.7(a), 7.7(b), 7.7(c) and 7.7(d), respec­
tively. The distribution of the axial strain £ is shown after the
yy
27 load increment in Figure 7.8. A band of very close contours around 
the crack tip Indicates high axial strain gradients in that area. It is 
noticed that we obtain smaller values for e when using the coupled 
damage model. The maximum axial strain e obtained when using the 
coupled theory is 0.04355 compared to 0.05489 when the plasticity model 
is used.
•IS
FIGURE 7.7: DEVELOPMENT OF PLASTIC ZONE FOR THE DAMAGED MODEL
i
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FIGURE 7.8: DISTRIBUTION OF <vy AROUND THE CRACK TIP
(a) PLASTICITY, (b) PLASTICITY WITH DAMAGE.
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The distributions of the normal Cauchy stress O and the volu-
yy
metric Cauchy stress 0 are shown in Figures 7.9 and 7.10, respectively,
where 0 = 0  + O Again it is noticed that smaller values for the
v xx yy
stresses are obtained when using the damage theory. The maximum and 
minimum values for o are 1,835 MPa and -626 MPa, respectively, 
compared to 1,830 MPa and -572 MPa when the plasticity model is used.
The shear stress contours are shown in Figure 7.11. It is noticed 
here that the damage model has caused a slight increase in °Xy* How­
ever, the order of the stress 0 remains the same when using the two * xy B
models.
Finally, the contours of plastic work < are shown in Figure 7.12. 
These contours clearly show the development of the plastic zone around 
the crack tip. This result is shown after the 9, 18 and 27 increments 
of load. The maximum amount of plastic work is reduced due to the 
inclusion of the damage parameters in the constitutive equations. We 
notice also how the plastic work decreases in magnitude as one moves 
away from the crack tip.
It is clear from the above results that the coupled model of damage 
and finite plasticity has resulted in smaller values for the strains, 
normal stresses and the plastic work done. Although slightly higher 
values for the shear stresses are obtained, the order of these values 
remains the same.
The critical value for the overall damage parameter B is taken to 
be 0.115. This value is obtained experimentally from uniaxial tests 
performed by Chow and Wang [81] (see Appendix A). The corresponding 
value for the load causing crack initiation is determined here to be 
232 MPa. It should be noted that this value is dependent upon the
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FIGURE 7.9: DISTRIBUTION OF <rvv AROUND THE CRACK TIP
(a) PLASTICITY, (b) PLASTICITY WITH DAMAGE.
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FIGURE 7.12: DISTRIBUTION OF PLASTIC W O R K  k AROUND THE CRACK TIP
(CONTINUED)
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appropriate choice for the
constant y. This Is compared with the crack Initiation load of 263.3 
MPa obtained from experiments done by Chow and Wang [81]. It should be 
mentioned that the material properties used In the experiments [81] are 
not specified. The discrepancy In the results can be explained by con­
sidering the material properties used In the finite element analysis.
It is the author's conviction that by using the appropriate material 
properties, one can obtain a better correspondence between the results.
In order to ascertain the accuracy of the finite element solution 
an alternate finite element mesh is used as shown in Figure 7.13. This 
mesh comprises of 836 eight noded isoparametric quadrilateral elements 
with a total of 2629 nodes. The results for this mesh are shown in 
Figures 7.14 to 7.23. The results obtained from the two meshes are 
Identical and confirm the accuracy of the solution.
FIGURE 7.13: ALTERNATE FINITE ELEMENT MESH
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FIGURE 7.14: DISTRIBUTION OF evy AROUND THE CRACK TIP
ALTERNATE MESH, (a) ELASTICITY, (b) ELASTICITY WITH DAMAGE.
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ALTERNATE MESH, (a) ELASTICITY, (b) ELASTICITY WITH DAMAGE.
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FIGURE 7.16: DISTRIBUTION OF <rv AROUND THE CRACK TIP
ALTERNATE MESH, (a) ELASTICITY, (b) ELASTICITY WITH DAMAGE.
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FIGURE 7.17: DISTRIBUTION OF trSJ AROUND THE CRACK TIP
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FIGURE 7.18: DEVELOPMENT OF PLASTIC ZONE FOR THE DAMAGED MODEL 
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Ca)
89
MINIMUM = -0.1875E-03 
0 =  -0.1837E-03 1 =
4 = 0 . 1272E-01 5 =
8 = 0.2563E-01 9 =
MAXIMUM = 
0.3043E-02 
0.1595E-01 
0.2886E—01
0.2945E-01 
2 = 0.6270E—02 3
6 = 0 . 1918E-01 7
0.9496E-02 
0.2240E-01
(b)
MINIMUM = -0.1507E-03 
0 = —0.1477E-03 1 =
4 = 0.1009E-01 5 =
8 = 0.2033E-01 9 =
MAXIMUM = 
0.2412E—02 
0.1265E—01 
0.2289E—01
0.2336E—01 
2 = 0.4972E—02 3
6 = 0.1521E-01 7
0.7533E—02 
0 . 1777E-0 1
FIGURE 7.19: DISTRIBUTION OF eyy AROUND THE CRACK TIP
ALTERNATE MESH, (a) PLASTICITY, (b) PLASTICITY WITH DAMAGE.
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FIGURE 7.20: DISTRIBUTION OF <ryy AROUND THE CRACK TIP
ALTERNATE MESH, (a) PLASTICITY, (b) PLASTICITY WITH DAMAGE.
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FIGURE 7.21: DISTRIBUTION OF cr, AROUND THE CRACK TIP
ALTERNATE MESH, (a) PLASTICITY, (b) PLASTICITY WITH DAMAGE.
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Cb>
MINIMUM = -0.2257E+03 MAXIMUM = 0.2462E+03
0 = -0.2212E+03 1 = -0.1698E+03 2 = -0.1184E+03 3 = -0.6704E+02
4 = —0.1565E+02 5 = 0.3574E+02 6 = 0.8714E+02 7 = 0.1385E+03
8 = 0.1899E+03 9 = 0.2413E+03
FIGURE 7.22: DISTRIBUTION OF trss AROUND THE CRACK TIP
ALTERNATE MESH, (a) PLASTICITY, (b) PLASTICITY WITH DAMAGE.
PLASTICITY
(a)
MINIMUM = -0.2873E-01 
0 = -0.2815E-01 1 =
4 = 0.9626E-01 5 =
8 = 0.2207E+00 9 =
MAXIMUM = 
0.2952E-02 
0.1274E+00 
0.2518E+00
0.2569E+00 
2 = 0.3406E-01 3
6 = 0.1585E+00 7
0.6516E-01 
0.1896E+00
(b)
MINIMUM = —0.6953E-01 
0 = -0.6814E-01 1 =
4 = 0.2269E+01 5 =
8 = 0.4605E+01 9 =
MAXIMUM = 
0.5160E+00 
0.2853E+0I 
0.5190E+01
0.5295E+01 
2 = 0.1100E+01
6 = 0.3437E+01
3 = 0.1684E+01
7 = 0.4021E+01
(c)
MINIMUM = -0.1224E+00 
0 = -0.1199E+00 1
4 = 0.6974E+01 5
MAXIMUM = 0.1617E+02
= 0.1654E+01 2
= 0.8748E+01 6
= 0.3427E+01
= 0.1052E+02
3 = 0.5201E+01
7 = 0.1230E+02
8 = 0.1407E+02 9 = 0.1584E+02
FIGURE 7.23: DISTRIBUTION OF PLASTIC WORK k AROUND THE CRACK TIP 
ALTERNATE MESH
PLASTICITY WITH DAMAGE
(d)
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MINIMUM = “0.2236E-0I 
0 = -0.2192E-01 1 =
4 = 0.7428E—0 I 5 =
8 = 0.17Q5E+00 9 =
MAXIMUM = 
0.2133E-02 
0.9833E-01 
0.1945E+00
0.19S5E+00 
2 = 0.2618E-01 3
6 = 0.1224E+00 7
0.5023E-01 
0.1464E+00
Ce)
MINIMUM = -0.5581E—01 
0 = -0.5470E-01 1 =
4 = 0.1786E+0 1 5 =
8 = 0.3627E+01 9 =
MAXIMUM = 
0.4055E+00 
0.2246E+01 
0.4087E+01
0.4171E+01 
2 = 0.8658E+00 3
6 = 0.2707E+01 7
0.1326E+01 
0.3167E+01
(f)
MINIMUM = —0.9105E-01 
0 = —0.8922E—01 1 =
4 = 0.5585E+01 5 =
8 = 0.1126E+02 9 =
MAXIMUM = 
0.1329E+01 
0.7003E+01 
0.1268E+02
0.1294E+02 
2 = 0.2748E+01 3
6 = 0.8422E+01 7
0.4166E+01 
0.9840E+01
FIG URE 7.23: DISTRIBUTION OF PLASTIC W ORK k  AROUND THE CRACK TIP  
ALTERNATE MESH CCONTINUED)
Chapter 8
SUMMARY AND CONCLUSION
An anisotropic constitutive model Is formulated in spatial coordi­
nates to analyze problems of elastic and elasto-plastic ductile 
fracture. Use is made of continuum damage mechanics in such a way that 
the resulting constitutive model is consistently derived. It is assumed 
that the material undergoes damage and small elastic strains. The 
hypothesis of elastic energy equivalence is used to produce the coupling 
between elasticity and damage.
The constitutive model is first derived in the undamaged deformed 
state of the material. This is a hypothetical state that is mechani­
cally (based on energy considerations) equivalent to the actual state of 
deformation and damage. The elastic stiffness tensor is then trans­
formed into the deformed damaged state of the material. In making this 
transformation, the assumption of infinitesimal elastic strains was 
unavoidable.
It is shown how the proposed model can be implemented numerically 
using finite elements. An Updated Lagrangian formulation is used as the 
damage variable is defined based on the current deformed configuration.
As an example, the problem of finite simple shear is solved 
successfully using two different approaches. The first solution is 
obtained by directly integrating the governing differential equations 
numerically using a Runge-Kutta-Verner fifth and sixth order method.
In this case we observe that the stress increases monotonically with the 
increase of the shearing strain. The second approach is based on the 
integration of the constitutive relations using an appropriate
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corotational rate. In this case we conclude that the rotation tensor R 
obtained from the polar decomposition theorem should be used in the 
integration scheme. For the case when the rotation tensor is obtained 
from the total spin, it is observed that oscillations occur in the 
stress-strain curves.
A closed form solution is also obtained for a special case where 
T12 * a12* solution reduces to that given by Paulun and Pecherski
(1985). It is observed that this solution is Independent of the 
parameters b and c that govern the kinematic and Isotropic hardening, 
respectively.
We conclude that the results obtained by using the Runge-Kutta- 
Verner method are most reliable because they are based on the governing 
differential equations which reflect the true nature of the finite 
simple shear problem. Also these results are shown for different 
proposed expressions for the function u) which were suggested by various 
authors.
As an application of the proposed coupled damage model, a center 
cracked thin plate that is subjected to uniaxial tension is analyzed.
Use is made of an optimum finite element mesh especially designed to be 
used at crack tips of the type considered here. The results obtained 
from the coupled model are compared with the elasto-plastic constitutive 
model using finite elements. It is noticed that the coupled damage 
model gives smaller values for the strains, normal stresses and plastic 
work. This is mainly attributed to the effect of damage due to 
Imperfections in the material. However, slightly higher shear stresses 
are observed in the damaged model.
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In conclusion, the author Is presenting a consistent damage model 
by using spatial coordinates (Eulerian reference frame) based on the 
theory of finite strain plasticity. This model can now be used to 
analyze more complicated engineering problems especially related to 
stress concentrations, crack propagation, fracture in composite material 
and three dimensional problems involving nonproportional loading paths.
As a final note, the author suggests additional work on a more 
accurate description of damage within the framework of the presented 
model. This can be done by considering the damage tensor <f> proposed 
by Murakami [55]. This tensor is derived with respect to the deformed, 
elastically unloaded damaged state. This damage tensor can be written 
in terms of 41 and the "elastic" deformation gradient Fe as follows
The damage tensor $ represents a better definition for the damage 
variable since it is derived with respect to the elastically unloaded 
damaged state. It is anticipated that its use will give a more accurate 
description of damage especially in cases of large elastic deformations.
further investigation of the decomposition given in equation (189). It 
should be noted that the use of <f> in conjunction with equation (189) 
will not yield significantly better results than the presented work for 
the case of infinitesimal elastic strains.
(188)
where Fe is obtained from the decomposition of the deformation gradient
F
(189)
0
However, a suitable expression for F needs to be found. This requires
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Finally, It should be mentioned that the proposed model can be 
further improved by utilizing two yield surfaces [82,83]. In 
particular, the new generalized kinematic hardening rule proposed 
recently by Voyiadjis and Kattan [84] within the context of bounding 
surface plasticity will be helpful in extending the presented theory to 
coupling of damage and cyclic plasticity.
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APPENDIX A
Determination of $ from the Uniaxial Testcr
In order to determine the material parameter &cr» a serfes of 
uniaxial extension tests are to be performed on tensile specimens and 
the stress-straln curves drawn as shown In Figure A.I.
Assuming elastic material behavior with Infinitesimal strains, the 
constitutive equations for this case of deformation are given by
E
(1 " V 2
-V
I
oo » «
<
0 0 0
0 0 0
E(l - 4 ^ X 1  - <f>2)
 _______
_E(l - 4-jKl - <t>3)
where (1 ** 1, 2, 3) are the strains, i* 0 and o2 = m 0.
The "effective" variables E, v^2 and are given by:
E = E(1 - <(.1)2
V12
(A. 1)
(A. 2) 
(A.3)
13 v (■
l - * 3 
1 -
then the constitutive equations become:
e *
E 1
' 1 ’
c- ' 
2 ‘ ■  , " ^ 1 2
* 1 3
a
(A.4)
(A.5)
Consequently we can obtain the following expressions for the damage 
variables <f>^, (j>2 and <|>3 :
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(i - 4>x)
(A.8)
(A.7)
(A. 6)
Going back Co the experimental results obtained In Figure A.l, we 
notice that the slope of the curve is continuously decreasing indicating 
a damaged material. Thus, the variable E (which depends on <]>^) Is the 
actual slope of the stress-straln curve and It Is decreasing indicating 
deterioration of the material through loss of strength. This can be 
shown more clearly by plotting E vs. the strain. This is done by 
measuring the slope of the stress-straln curve at each point e ^ and 
plotting slope vs. as shown in Figure A.2.
Now we utilize the values of E obtained in Figure A.2 and sub­
stitute them into equations (A.6) and (A.8) to obtain the corresponding 
curves for the principal damage variables (J>^, and ^  as shown in 
Figure A.3.
The evolution equation for B in the case of uniaxial tension is 
given by:
Integrating the differential equation above, we obtain the following 
expression for the overall damage parameter in uniaxial tension:
Substituting the value of <f>^ from the curve in Figure A.3 into equation 
(A.10), we can obtain the evolution of 8 as shown in Figure A.4.
B “ (1 - (jij) (A.9)
(A.10)
I l l
In order to determine Bcr (the value of B at which crack initiation 
starts), the tensile specimen has to be sectioned at each load 
increment. The cross-section is to be examined for any cracks or 
cavities. The load step where cracks first appear is to be recorded and 
compared with Figure A.4. The corresponding value of B obtained from 
Figure A.4 will be taken to be the critical value Bcr« This value is to 
be used in finite element analyses of more complicated problems.
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APPENDIX B*
Fortran Coding of Subroutines to Calculate D
*The subroutines contained in this appendix can be easily Incorporated 
in a general purpose finite element program that has the capabilities 
of modeling material and geometric nonlinearities.
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S T A R T  OF == = ======
F I N I T E  P L A S T I C I T Y  M O D E L  ========
W I T H  D A M A G E  M E C H A N I C S  =========
= =  P L D A M
SUBROUTINE PLDAM(ELNUM,ITYPE,MATNUM,INTGPN,IFLAG,IOUT,DETJAC, 
$ ICODE)
INTEGER ELNUM
IF(ITYPE.GT.300) THEN 
IEND = 6
ELSE
IEND = 4 
END IF
IF CICODE.EQ.O) THEN
CALL MIDAM1(ELNUM,ITYPE,MATNUM,INTGPN,IFLAG,IOUT,IEND)
ELSE
CALL MIDAM2(ELNUM,ITYPE.MATNUM,INTGPN,IFLAG,IOUT,IEND) 
END IF
RETURN
END
M I D A M
SUBROUTINE MIDAM
I
I P R 0 G R A M:
I
I PROGRAM 'MIDAM1 IS THE CONTROL UNIT FOR CALCULATION OF THE
I ELASTOPLASTIC STRESS-STRAIN STIFFNESS MATRIX INCLUDING THE
I EFFECT OF DAMAGE.
I
IMPLICIT REAL*8 (A-H.O-Z)
REAL*8 NUX.NUY.NUZ
CHARACTER*48 CSTRN.CSTRS.CCENT.CSELA
CHARACTER*8 CWORK
CHARACTER*1 IYIELD.IY
INTEGER ELNUM
COMMON/DEV 1/LDEV5 ,LDEV6 ,LDEV7 ,LDEV8,LDEV9 ,LDEV10 
COMMON/DE VICE/LDEV1, LDEV2, LDEV3 ,LDEV4 ,LDEV, LDEVST 
COMMON/CONTRl/INCREM,NIT 
COMMON/ELSTRl/STRN(6)
C0MM0N/ELSTR2/STRS(6)
COMMON/ADMAT1/AD(3,3,3,3)
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COMMON/PLAST1/IYIEL(400)
COMMON/FDER1/FJ,FK,FS(3,3),FE(3,3),FZ(3,3)
C0MM0N/MATER1/DEP(6,6)
C0MM0N/ELPLD1/DEPM(3,3,3,3),ALAM(3,3),AMU(3,3)
COMMON/INPUT8/NN0DES, NELEM, NNDF, NLINC, MNIT, IFLAG 1, IFLAG2, IDIM,
1 NINODE
COMMON/INPUT5/NUXC 10) ,NUY(10),NUZ(10),EX(10),EY(10),EZ(10),P1X(10) 
1 ,P1Y(10),P1Z(10),P2X(10),P2Y(10),P2Z(10)
COMMON/INPUTJ/P3X(10),P4X(10)
COMMON/GDER1/GS(3,3),GPHI(3,3)
COMMON/DEPBA1/DEPMB(6,6)
DIMENSION SO(3,3),C(3,3),Z(3,3),RR(3,3),E(3,3),DEL(3,3),ED(3,3),
1 ED0T(3,3),SF(3,3),ED0TEL(3,3),ED0TPL(3,3),DELAS(6),
2 STRESS(6),STRAIN(6),CENTER(6),STRELA(6),DE(6),SDOT(3,3) 
DIMENSION PHI(6),DAMVAR(3,3),ABET(3,3)
EQUIVALENCE (CSTRS,STRESS),(CSTRN,STRAIN),(CCENT,CENTER),
1 (CSELA,STRELA),(CWORK.WORK)
C
DATA ((DEL(K1,K2),K1=1,3),K2=1,3)/1.,0.,0.,0.,1.,0.,0 .,0.,1./
C
C ==================== E N T R Y  M I D A M 2  =====================
C
ENTRY MIDAM2(ELNUM,ITYPE.MATNUM,INTGPN,IFLAG,IOUT,IEND)
C
IT = 0 
FACTOR = 1.
TOL = -0.1 
FACSUM = 0.
C
IF (INCREM.GT.1) THEN
READ(LDEV1 , 1000) CSTRS,CSTRN,CSELA,CCENT,CWORK.IYIELD
ELSE
DO 10 K1 = 1 , IEND 
STRAINC K1 ) = 0.
STRESS( K1 ) = 0.
CENTER( K1 ) = 0.
STRELAC K 1 ) = 0.
10 PHI( K1 ) =0.
WORK = 0 .
ABETA = 0.
END IF
C
C —  - CALCULATION OF THE STRAIN INCREMENT 
C
DO 20 K1 = 1 , IEND 
20 DE( K1 ) = STRN( K1 ) - STRAINC K1 )
C
C  CALCULATION OF THE USEFULL TENSORS
C
CALL TENSORCITYPE,STRESS,SO,1.)
CALL TENSORCITYPE,STRAIN,E,0.5)
CALL TENSORCITYPE.DE,ED,0.5)
CALL TENS0R(ITYPE,C£NTER,Z,1.)
CALL TENSORCITYPE,PHI,DAMVAR.l.)
C
C  GET THE MATERIAL PARAMETERS
C
C2 = P1X( MATNUM )
c
c — 
c
40
50
C
C —  
C
34
C
C —  
C —  
C
35
C --
C
C
60
65
C
C
68
116
C3 = P1Y( MATNUM )
SY = P1Z( MATNUM )
DAMA = P3X(MATNUM)
C4 = P4X(MATNUM)
BETA = P2X( MATNUM )
YOUNG = EX( MATNUM )
POISS = NUX( MATNUM )
CALCULATION OF THE FOURTH ORDER ELASTIC STIFFNESS MATRIX
CALL ADMATCYOUNG,POISS)
CALL ADMINV(YOUNG,POISS)
CALL JIJKL(DAMA)
DO 50 K1 = 1 , 3
DO 50 K2 = 1 , 3
C(K1 , K2) = 2.*E(K1 , K2) + DEL(K1 , K2)
CST = 0.
DO 40 K3 = 1 , 3
DO 40 K4 = 1 , 3
CST = CST + AD(K1 , K2 , K3 , K4)*ED(K3 , K4)
SDOTCK1 , K2) = CST
CALCULATION OF THE JACOBIAN OF DEFORMATION
CALL DEFJAC(E,DEL,RR,DJAC)
START OF THE INCREMENTATION LOOP 
CALCULATION OF THE TRIAL ELASTIC STRESS
DO 35 K2 = 1 , 3
DO 35 K1 = 1 , 3
SF(K1 , K2) = S0(K1 K2) + SD0T(K1 , K2)
CALCULATION OF THE YIELD FUNCTION FOR THE TRIAL ELASTIC STRESS
CALL YIELD(SF,C,Z,W0RK,DJAC,C2,C3,SY,F,F1,F2)
IF (F.LE.O.) THEN
FACSUM = FACSUM + FACTOR 
DO 60 XI = 1 , IEND
STRELA( K1 ) = STRELAC K1 ) + DE( K1 )*FACTOR
DO 65 X2 = 1 , 3
DO 65 Kl = 1 , 3
E(K1 , K2) = E(K1 , K2) + ED0T(K1 , K2)
C(K1 , K2) = 2.*E(K1 , K2) + DEL(K1 , K2)
S0(K1 , K2) = SF(K1 , K2)
IYIELD = 1 '
ELSE IF(F.GT.O.) THEN
IF(FACTOR.EQ.1.) THEN 
FACTOR = 1.0D-2
DO 68 K1 = 1 , 3 
DO 68 K2 = 1 , 3
SDOT(K2 , Kl) = FACT0R*SD0T(K2 , Kl)
ED0T(K2 , Kl) = FACTOR*ED(K2 , Kl)
GO TO 34 
END IF
o 
o
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C
C
69
C
?
66
70
80
C
90
100
C
110
c
CALL YIELD(SO,C,Z,WORK,DJAC,C2,C3,SY,FO,F1,F2)
CALL GFUNC(SO,PHI,ABETA,GG)
IF (ELNUM.EQ.320.AND.INTGPN.EQ.4.AND.FACSUM.GT.0.9) THEN 
WRITE(6 , *) 'F0= ',FO,INCREM,NIT,DJAC 
END IF
FACSUM = FACSUM + FACTOR
CALL FDER(S0,C,Z,DJAC,F1,F2,C2,C3)
CALL GDER(SO.PHI)
CALL ELPLD(SO,Z,RR,DJAC,BETA,DEN,1)
CALL DEPBARCSO,PHI,IFLAG,ITYPE)
ALAMDA = 0.
AMUDOT = 0.
ABETA = 0.
DBBET=1.0 
CST1=0.0 
DO 69 Kl=l,3 
DO 69 K2=l,3
CST1=CST1+GPHI(Kl,K2)*GS(K1,K2)
CONTINUE 
DO 66 K3-l,3 
DO 66 K4=l,3
DO 66 Kl=l,3 
DO 66 K2=l,3 
ABET(K3,K4)=ABET(K3,K4)
+(GS(K1,K2)*DEPM(K1,K2,K3,K4))/(DBBET-CST1)
CONTINUE
DO 70 K2 = 1 , 3 
DO 70 Kl = 1 , 3
AMUDOT = AMUDOT + AMU(K1 , K2)*ED0T(K1 , K2)
ALAMDA = ALAMDA + ALAM(K1 , K2)*ED0T(K1 , K2)
ABETA = ABETA + ABET(K1 , K2)*ED0T(K1 , K2)
DO 80 K2 = 1 , 3
DO 80 Kl = 1 , 3
E(K1 , K2) = E(K1 , K2) + ED0T(K1 , K2)
C(K1 , K2) = 2.*E(K1 , K2) + DEL(K1 , K2)
ED0TPL(K1 , K2) = ALAMDA*FS(K1 , K2)
ED0TEL(K1 , K2) = ED0T(K1 , K2) - ED0TPL(K1 , K2)
Z(K1 , K2 ) = Z(K1,K2) + (SO(K1,K2)-Z(K1;K2))*AMUDOT 
DAMVAR(K1,K2)=ABETA*GS(K1,K2)
DO 100 K2 = 1 , 3
DO 100 Kl = 1 , 3
CST = 0.
DO 90 K4 = 1 , 3
DO 90 K3 = 1 , 3
CST = CST + AD(K1 , K2 , K3 , K4)*ED0TEL(K3 , K4)
WORK = WORK + (S0(K1,K2) + 0.5*CST)*ED0TPL(K1,K2)/DJAC 
S0(K1 , K2) = S0(K1 , K2) + CST
CALL VECTOR(ITYPE,EDOTEL,DELAS,2.)
DO 110 Kl = 1 , IEND
STRELA( Kl ) = STRELA( Kl ) + DELAS( Kl )
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IYIELD = 'Y'
END IF
IF (FACSUM.LT.1.) GO TO 34
C
C DEFINE THE 'IYIEL' VECTOR FOR FUTURE PLOTTING
C
115 IF (IYIELD.EQ.'Y') THEN
ITEMP = IBSET(IYIEL( ELNUM ) , INTGPN)
IYIEL( ELNUM ) = ITEMP
ELSE
ITEMP = IBCLR(IYIEL( ELNUM ) , INTGPN)
IYIEL( ELNUM ) = ITEMP 
END IF
C
DO 120 Kl = 1 , IEND 
120 STRAIN( Kl ) = STRN( Kl )
C
CALL VECTOR(ITYPE,SO,STRS.l.)
CALL VECTOR(ITYPE,SO,STRESS,1.)
CALL VECTOR(ITYPE,Z,CENTER,1.)
CALL VECTOR(ITYPE,DAMVAR,PHI,1.)
WRITE(LDEV2 , 1000) CSTRS,CSTRN,CSELA,CCENT,CWORK,IYIELD
C
RETURN
C
C ================= E N T R Y  M I D A M 1  =======================
C
ENTRY MIDAM1(ELNUM,ITYPE.MATNUM,INTGPN,IFLAG,IOUT,IEND)
C
C
IYIELD = ' ’
IF (INCREM.GT.1) THEN 
IF (NIT.EQ.l) THEN
READ(LDEV1 , 1000) CSTRS,CSTRN,CSELA,CCENT,CWORK,IYIELD
ELSE
READ(LDEV2 , 1000) CSTRS,CSTRN,CSELA,CCENT,CWORK,IYIELD 
END IF
BACKSPACE(UNIT=LDEV)
END IF
C
IF (IYIELD.EQ.'Y') THEN
C
C   CALCULATION OF THE USEFULL MATRICES
C
CALL TENSOR(ITYPE,STRESS,SO,1.)
CALL TENSOR(ITYPE,STRAIN,E,0.5)
CALL TENSOR(ITYPE,CENTER,Z,1.)
CALL TENSOR(ITYPE,PHI,DAMVAR,1.)
DO 200 Kl = 1 , 3 
DO 200 K2 = 1 , 3 
200 C(K1 , K2) = 2.*E(K1 , K2) + DEL(K1 , K2)
C
C -—  GET THE MATERIAL PARAMETERS 
C
C2 = P1X( MATNUM )
C3 = P1Y( MATNUM )
SY = P1Z( MATNUM )
DAMA = P3X(MATNUM)
C4 = P4X(MATNUM)
BETA = P2X( MATNUM )
YOUNG = EX( MATNUM )
POISS = NUX( MATNUM )
C
C —  CALCULATION OF THE FOURTH ORDER ELASTIC STIFFNESS MATRIX 
C
CALL ADMAT(YOUNG,POISS)
CALL ADMINV(YOUNG,POISS)
CALL JIJKL(DAMA)
C
C —  CALCULATION OF THE JACOBIAN OF DEFORMATION 
C
CALL DEFJAC(E ,DEL,RR,DJAC)
C
C — - CALCULATION OF THE YIELD AND DAMAGE FUNCTIONS 
C
CALL YIELD(SO,C,Z,WORK,DJAC,C2,C3,SY,F,FI,F2)
CALL GFUNC(S0,PHI,C4,ABETA,GG)
C
C —  CALCULATION OF THE PARTIAL DERIVATIVE OF THE YIELD FUNCTION 
C —  F WITH RESPECT TO THE <STRESS>,<STRAIN>, THE JACOBIAN.
C
CALL FDER(S0,C,Z,DJAC,F1,F2,C2,C3)
CALL GDER(SO,PHI)
C
C —  CALCULATION OF THE ELASTOPLASTIC STIFFNESS MATRIX 
C
CALL ELPLDfSO,Z,RR,DJAC,BETA,DEN,0)
CALL AMIJK(PHI)
CALL AMINV(PHI)
CALL MDPHI(PHI)
CALL XAIJK(SO.PHI)
CALL DEPBARCSO,PHI,IFLAG,ITYPE)
C
ELSE
CALL DELASTCITYPE,MATNUM,IFLAG)
END IF 
RETURN 
1000 F0RMAT(4A48,A8,A1)
END
C
C
c = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =
c ===================== A M I J K ==============================
C  = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =
c
SUBROUTINE AMIJK(PHI)
C
C THIS SUBPROGRAM CALCULATES THE DAMAGE EFFECT TENSOR M(I,J,K,L)
C
IMPLICIT REAL*8 (A-H.O-Z)
COMMON/AMIJK1/XMIJKL(3,3,3,3)
C
CST1=1.0-PHI(1)
CST2=1.0-PHI(2)
CST3=1.0-PHI(3)
CST4=1.0/DSQRT(CST1*CST2)
o 
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o
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CST5=1.0/DSQRT(CSTl*CST3) 
CST6=1.0/DSQRT(CST2*CST3) 
XMIJKL(1,1,1,1)=1.0/CST1 J 
XMIJKL(2,2,2,2)=1.0/CST2 
XHIJKL(3,3,3,3)=1.0/CST3 
XMIJKL(1,2,1,2)=CST4 
XMIJKL(2,1,2,1)=CST4 
XMIJKL(1,3,1,3)=CST5 
XMIJKL(3,1,3,1)=CST5 
XMIJKL(2»3,2,3)=CST6 
XMIJKL(3,2,3,2)=CST6 
XMIJKL(1,2,2,1)=CST4 
XMIJKL(2,1,1,2)=CST4 
XMIJKL(1,3,3,1)=CST5 
XMIJKL(3,1,1,3)=CST5 
XMIJKL(2,3,3,2)=CST6 
XMIJKL(3,2,2,3)=CST6 
RETURN 
END
SUBROUTINE AMINV(PHI)
THIS SUBPROGRAM CALCULATES THE INVERSE TRANSPOSE OF M(I,J,K,L)
IMPLICIT REAL*8 (A-H.O-Z)
COMMON/AMIJK1/XMIJKL(3,3,3,3)
COMMON/AMINVl/XMTINV(3,3,3,3)
DO 10 Kl=l,3 
DO 10 K2=l,3 
DO 10 K3=l,3 
DO 10 K4=l,3
IF(XMIJKL(K1,K2,K3,K4)) 1,10,1 
1 XMTINV(K1,K2,K3 ,K4)=1.0/XMIJKL(Kl,K2,K3,K4)
10 CONTINUE 
RETURN 
END
M D P H I
SUBROUTINE MDPHI(PHI)
THIS SUBPROGRAM CALCULATES THE SIXTH ORDER TENSOR
DM(I,J,K,L)/DPHI(M,N)
IMPLICIT REAL*8 (A-H.O-Z)
C0MM0N/MDPHI1/XMPHI(3,3,3,3,3,3)
CST1=1.0-PHIC1)
CST2=1.0-PHI(2)
CST3=1.0-PHI(3)
CST4=3.0*(CST1*CST2)**1.5
n
o
n
 
o
n
o
o
o
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CST5=3.0*(CST1*CST3)**1.5 
CST6=3.0*(CST2*CST3)**1.5 
CST12=2.0*CST1/CST4 
CST21=2.0*CST2/CST4 
CST13=2.0*CST1/CST5 
CST31=2.0*CST3/CST5 
CST23=2.0*CST2/CST6 
CST32=2.0*CST3/CST6 
XMPHI(1,1,1,1,1,1)=1.0/CSTl**2.0 
XMPHI(2,2,2,2,2,2)=1.0/CST2**2.0 
XMPHI(3,3,3,3,3,3)=1.0/CST3**2.0 
XMPHI(1,2,1,2,1,2)=CST12 
XMPHI(2,1,2,1,2,1)=CST21 
XMPHI(1,2,2,2,2,1)=CST12 
XMPHI(1,1,2,2,1,1)=CST12 
XMPHI(1,2,1,1,2,1)=CST12 
XMPHI(2,2,1,1,2,2)=CST21 
XMPHI(2,1,1,1,1,2)=CST21 
XMPHI(2,1,2,2,1,2)=CST21 
XMPHI(1,3,1,3,1,3)=CST13 
XMPHI(3,1,3,1,3,1)=CST31 
XMPHI(1,3,3,3,3,1)=CST13 
XMPHI(1,1,3,3,1,1)=CST13 
XMPHI(1,3,1,1,3,1)=CST13 
XMPHI(3,3,1,1,3,3)=CST31 
XMPHI(3,1,1,1,1,3)=CST31 
XMPHI(3,1,3,3,1,3)=CST31 
XMPHI(2,3,2,3,2,3)=CST23 
XMPHI(3,2,3,2,3,2)=CST32 
XMPHI(2,3,3,3,3,2)=CST23 
XMPHI(2,2,3,3,2,2)=CST23 
XMPHI(2,3,2,2,3,2)=CST23 
XMPHI(3,3,2,2,3,3)=CST32 
XMPHI(3,2,2,2,2,3)=CST32 
XMPHI(3,2,3,3,2,3)=CST32 
RETURN 
END
X A I J K
SUBROUTINE XAIJK(S.PHI)
THIS SUBPROGRAM CALCULATES THE TENSOR A(I,J,K,L) 
IMPLICIT REAL*8 (A-H.O-Z)
COMMON/ELPLDl/DEPM(3,3,3,3),ALAM(3,3),AMU(3,3) 
COMMON/ADMINV1/ADINV(3,3,3,3)
COMMON/AMIJK1/XMIJKL(3,3,3,3)
COMMON/AMINV1/XMTINV(3,3,3,3)
COMMON/MDPHI1/XMPHI(3,3,3,3,3,3)
COMMON/GDER1/GS(3,3),GPHI(3,3)
COMMON/XAIJK1/AIJKL(3,3,3,3)
DIMENSION CST1(3,3,3,3),CST2(3,3,3,3,3,3),CST3(3,3) 
DIMENSION CST4(3,3),CST5(3,3,3,3),CST6(3,3,3,3,3,3) 
DIMENSION CST7(3,3,3,3),CST8(3,3,3,3)
122
DIMENSION CSTgCS.S.S.S.S.SJ.CSTlOO.S.S.SJ.CSTllO^.S.S)
C
DO 40 Kl=l,3 
DO 40 K2=l,3 
DO 40 Kll=l,3 
DO 40 K12=l,3
C
DO 50 K9=l,3 
DO 50 K10=l,3
CST1(K1,K2,K11,K12)=CST1(K1,K2,K11,K12)
$ +DEPM(K1,K2,K9,K10)*XMTINV(K11,K12,K9,K10)
50 CONTINUE 
40 CONTINUE
C
DO 60 Kl=l,3 
DO 60 K2=l,3 
DO 60 K13=l,3 
DO 60 K14=l,3 
DO 60 K15=l,3 
DO 60 K16=l,3
C
DO 70 Kll=l,3 
DO 70 K12=l,3
CST2(K1,K2,K13,K14,K15,K16)=CST2(K1,K2,K13,K14,K15,K16)
$ +CST1(K1,K2,K11,K12)*XMPHI(K11,K12,K13,K14,K15,K16)
70 CONTINUE 
60 CONTINUE
C
DO 80 Kl=l,3 
DO 80 K2=l,3
C
DO 80 K3=l,3 
DO 80 K4=l,3
CST3(K1,K2)=CST3(K1,K2)+ADINV(K3JK4,K1,K2)*S(K3,K4)
80 CONTINUE
C
DO 85 K5=l,3 
DO 85 K6=l,3
C
DO 85 Kl=l,3 
DO 85 K2=l,3
CST4(K5,K6)=CST4(K5,K6)+XMTINV(K5,K6,K1,K2)*CST3(K1,K2)
85 CONTINUE
C
DO 65 Kl=l,3 
DO 65 K2=l,3 
DO 65 K3=l,3 
DO 65 K4=l,3
CST5(K1,K2,K3,K4)=CST5(K1,K2,K3,K4)
$ +GS(Kl,K2)*CST4(K3,K4)
65 CONTINUE
C
DO 45 Kl=l,3 
DO 45 K2=l,3 
DO 45 K3=l,3 
DO 45 K4=l,3 
DO 45 K5=l,3 
DO 45 K6=l,3
123
CST6(K1,K2,K3,K4,K5,K6)=CST6(K1,K2,K3,K4,K5,K6)
$ +GS(K1,K2)*CST5(K3,K4,K5,K6)
45 CONTINUE
C
DO 25 Kl=l,3 
DO 25 K2=l,3 
DO 25 K3=l,3 
DO 25 K4=l,3
C
DO 15 K5=l,3 
DO 15 K6=l,3 
DO 15 K7=l,3 
DO 15 K8=l,3
CST7(K1,K2,K3,K4)=CST7(K1,K2,K3,K4)
$ +CST2(K1,K2 ,K5,K6,K7,K8)*CST6(K3,K4,K7,K8,K5,K6)
15 CONTINUE 
25 CONTINUE
C
C
DO 11 Kl=l,3 
DO 11 K2=l,3 
DO 11 K3=l,3 
DO 11 K4=l,3
CST8(K1,K2,K3,K4)=CST8(K1,K2,K3,K4)+GS(K1,K2)*GS(K3,K4)
11 CONTINUE
C
DO 12 Kl=l ,3 
DO 12 K2=l ,3 
DO 12 K3=l,3 
DO 12 K4=l,3 
DO 12 K5=l ,3 
DO 12 K6=l,3
CST9(K1,K2,K3,K4,K5,K6)=CST9(K1,K2,K3,K4,K5,K6)
$ +CST8(K1,K2,K3,K4)*S(K5,K6)
12 CONTINUE
C
DO 14 Kl=l,3 
DO 14 K2=l,3 
DO 14 K3=l,3 
DO 14 K4=l,3
C
DO 18 K5=l,3 
DO 18 K6=l,3 
DO 18 K7=l,3 
DO 18 K8=l,3
CST10(K1,K2,K3,K4)=CST10(K1,K2,K3,K4)
$ +XMPHI(K1,K2,K5,K6,K7,K8)*CST9(K3,K4,K7,K8,K5,K6)
18 CONTINUE 
14 CONTINUE
C
C
CST=0.0 
DO 16 1=1,3 
DO 16 J=l,3
CST=CST+GPHI(I,J)*GS(I, J)
16 CONTINUE 
CSTO=ABETA-CST 
DO 17 Kl=l,3
o
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DO 17 K2=l,3 
DO 17 K3=l,3 
DO 17 K4=l,3
CST11(K1,K2,K3,K4)=CST7(K1,K2,K3,K4)+CST10(K1,K2,K3,K4) 
AIJKL(K1,K2,K3,K4)=XMIJKL(K1,K2,K3,K4)+CST11(K1,K2,K3,K4)/CST0 
17 CONTINUE 
RETURN 
END
SUBROUTINE AIINV(A,N)
THIS SUBPROGRAM CALCULATES THE INVERSE OF THE MATRIX A(I,J) 
OF SIZE N
IMPLICIT REAL*8 (A-H.O-Z)
DIMENSION A(6,6)
DO 1 K=1,N 
CON=A(K,K)
A(K,K)=0.0 
DO 2 J=1,N
2 A(K,J)=A(K,J)/CON 
DO 1 1=1,N 
IF(I.EQ.K) GOTO 1 
CON=A(I,K)
A(I,K)=0.0 
DO 3 J=1,N
3 A(I,J)=A(I,J)-A(I,J)*C0N 
1 CONTINUE
RETURN
END
D E P B A R
SUBROUTINE DEPBAR(S,PHI,IFLAG,ITYPE)
THIS SUBPROGRAM CALCULATES THE MODIFIED ELASTO-PLASTIC STIFFNESS 
MATRIX TO INCLUDE THE EFFECT OF DAHAGE
IMPLICIT REAL*8 (A-H.O-Z)
COMMON/AMINV1/XMTINV(3,3,3,3)
C0MM0N/ELPLD1/DEPM(3,3,3,3),ALAM(3,3),AMU(3,3) 
C0MM0N/XAIJK1/AIJKL(3,3,3,3)
COMMON/DEPBA1/DEPMB(6,6)
DIMENSION CST1(6,6),DEPMIJ(6,6),XMTIJ(6,6),AMIJ(6,6)
IF(ITYPE.GT.300) THEN 
IEND = 6
ELSE
n 
o 
n 
n 
a
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IEND = 4 
END IF
C
CALL CONVER(DEPM,DEPMIJ,IFLAG,ITYPE)
CALL CONVER(XMTINV,XMTIJ,IFLAG,ITYPE)
CALL CONVER(AIJKL,AMIJ,IFLAG,ITYPE)
CALL AIINVCAMIJ,IEND)
C
DO 10 1=1,IEND 
DO 10 J=1,IEND 
CST1(I,J)=0.0 
DO 10 K=1,IEND
CST1(I,J)=CST1(I,J)+AMIJ(I,K)*DEPMIJ(K,J) 
10 CONTINUE
C
DO 20 1=1,IEND 
DO 20 J=1,IEND 
DEPMB(I,J)=0.0 
DO 20 K=1,IEND
DEPMB(I,J)=DEPMB(I,J)+CST1(I,K)*XMTIJ(K,J) 
20 CONTINUE
C
RETURN
END
J I J K L
SUBROUTINE JIJKL(DAMA)
C
C =========:==!===:====================================================
C I
C l  P R O G R A M :
C I
C I 'JIJKL' CALCULATES THE FOURTH ORDER CONSTANT TENSOR J(I,J,K,L)
C I 
C I
C l  A R G U M E N T  L I S T :
C I
C I DAMA = CONSTANT DAMAGE PARAMETER 
C I
C ==========================================================:
C
IMPLICIT REAL*8 (A-H,0-Z)
COMMON/JIJKL1/XJIJKL(3,3,3,3)
C
FACT = 2.0*(1.0-DAMA)
C
XJIJKLC1 f 1 9 1 t 1) = 1.0
XJIJKLC1 9 1 9 2 9 2) = DAMA
XJIJKLC1 9 1 9 3 9 3) s DAMA
XJIJKL(2 9 2 9 1 9 1) s DAMA
XJIJKL(2 9 2 9 2 9 2) s 1.0
XJIJKLC2 9 2 9 3 9 3) = DAMA
XJIJKLC3 9 3 9 1 9 1) = DAMA
XJIJKL(3 9 3 9 2 9 2) = DAMA
XJIJKL(3 9 3 9 3 9 3) = 1.0
u 
u 
u 
u 
u
XJIJKLC1 9 2 t 1 9 2) = FACT
XJIJKL(2 9 1 9 2 9 1) = FACT
XJIJKLC1 f 3 9 1 9 3) s FACT
XJIJKL(3 9 1 9 3 9 1) = FACT
XJIJKL(2 9 3 9 2 9 3) — FACT
XJIJKLC3 9 2 9 3 9 2) = FACT
XJIJKL(1 9 2 9 2 9 1) = FACT
XJIJKLC2 9 1 9 1 9 2) = FACT
XJIJKL(1 9 3 9 3 9 1) = FACT
XJIJKL(3 9 1 9 1 9 3) = FACT
XJIJKL(2 9 3 9 3 9 2) FACT
XJIJKL(3 9 2 9 2 9 3) = FACT
RETURN
END
A D M I N V
SUBROUTINE ADMINV(YOUNG,POISS)
C
C =========================================:===
C I
C l  P R O G R A M :
C I
C I 'ADMINV* CALCULATES THE INVERSE OF E(I,J,K,L) 
C I
C l  A R G U M E N T  L I S T :
C I
C I YOUNG = YOUGS MODULUS
C I POISS = POISSONS RATIO
C I
C =============================================
C
IMPLICIT REAL*8 (A-H.O-Z)
COMMON/ADMINV1/ADINV(3,3,3,3)
C
CONSl= 1.0/YOUNG
CONS 2= -1.0*P0ISS/YOUNG
CONS3= 2.0*(1.0+POISS)/YOUNG
C
ADINV(1 9 1 1 1) = CONS1
ADINV(1 9 1 2 2) = C0NS2
ADINV(1 9 1 3 3) = C0NS2
ADINV(2 9 2 1 1) = C0NS2
ADINV(2 9 2 2 2) CONS1
ADINVC2 9 2 3 3) = C0NS2
ADINV(3 9 3 1 1) = C0NS2
ADINVC3 9 3 2 2) = C0NS2
ADINVC3 9 3 3 3) — CONSl
ADINVC1 9 2 1 2) — C0NS3
ADINV(2 9 1 2 1) = C0NS3
ADINV(1 9 3 1 3) = C0NS3
ADINV(3 9 1 3 1) = C0NS3
ADINV(2 9 3 2 3) = C0NS3
ADINVC3 9 2 3 2) e CONS3
ADINV(1 9 2 2 1) - CONS3
n
n
n
o
n
n
n
n
o
 
n 
n 
n 
n 
n 
n
ADINVC2 , 1 , 1 , 2) C0NS3
ADINVfl , 3 , 3 , 1) = CONS3
ADINV(3 , 1 , 1 . 3) = CONS3
ADINV(2 , 3 , 3 , 2) = CONS3
ADINV(3 , 2 , 2 , 3) = CONS3
C
RETURN
END
G F U N C
SUBROUTINE GFUNCC S,PHI,C4,ABETA,GF)
I
I THIS SUBPROGRAM CALCULATES THE VALUE OF THE DAMAGE FUNCTION G.
I FOR DEFENITION OF THE OTHER TERMS AND MATRICES REFER TO THE
I SUBPROGRAMS "JACOB" AND "MATRIC".
I
IMPLICIT REAL*8 (A-H.O-Z)
COMMON/AMIJK1/XMIJKL(3,3,3,3)
COMMON/JIJKL1/XJIJKL(3,3,3,3)
DIMENSION S(3,3)
DIMENSION CST1(3,3,3,3),CST2(3,3),CST3(3,3)
C
DO 10 Kl * 1 , 3
DO 10 K2 = 1 , 3
DO 10 K3 = 1 , 3
DO 10 K4 = 1 , 3
C
DO 10 K5 = 1 , 3
DO 10 K6 = 1 , 3
CST1(K1,K2,K3,K4)= CST1CK1,K2,K3,K4)
$ +XJIJKL(K5,K6,K1,K2)*XMIJKL(K5,K6,R3,K4)
10 CONTINUE
C
DO 20 Kl = 1 , 3
DO 20 K2 = 1 , 3
C
DO 20 K3 - 1 , 3
DO 20 K4 = 1 , 3
CST2CK1,K2)= CST2CK1,K2)+CST1(K1,K2,K3,K4)*S(K3,K4)
20 CONTINUE
C
DO 30 K7 = 1 , 3
DO 30 K8 = 1 , 3
C
DO 30 Kl = 1 , 3
DO 30 K2 = 1 , 3
CST3(K7,K8)= CST3(K7,K8)+CST2(K1,K2)*XMIJKL(K1,K2,K7,K8) 
30 CONTINUE
C
CST4=0.0
o
o
n
o
n
DO 40 K7 = 1 , 3 
DO 40 K8 = 1 , 3 
CST4= CST4+CST3(K7,K8)*S(K7,K8) 
40 CONTINUE
GF=0.5*CST4 - C4*ABETA
C
RETURN
END
G D E R
SUBROUTINE GDER(S.PHI)
C
C =============================================================
C I
C I THIS PROGRAM CALCULATES THE DERIVATIVE OF "G" WRT
C I <STRESS>, <STRAIN>, JACOBIAN, DAMAGE, AND PLASTIC WORK
C I 
C I
C l  GS = DERIVATIVE OF F WRT <STRESS>
C I GPHI = DERIVATIVE OF F WRT WK
C I
C I FOR THE DEFENITION OF G REFER TO THE
C I SUBPROGTAM "GFUNC".
C I
C =============================================================
C
IMPLICIT REAL*8 (A-H.O-Z)
COMMON/GDER1/GS(3,3),GPHI(3,3)
COMMON/AMIJK1/XMIJKL(3,3,3,3)
COMMON/JIJKL1/XJIJKL(3,3,3,3)
COMMON/MDPHI1/XMPHI(3,3,3,3,3,3)
DIMENSION S(3,3)
DIMENSION CST1(3,3,3,3,3,3),CST2(3,3,3,3)
DIMENSION CST3(3,3,3,3),CST4(3,3,3,3),CST5(3,3)
C
DO 10 Kl = 1 , 3
DO 10 K2 = 1 , 3
DO 10 K3 = 1 , 3
DO 10 K4 = 1 , 3
DO 10 K5 = 1 , 3
DO 10 K6 = 1 , 3
C
DO 10 K7 = 1 , 3
DO 10 K8 = 1 , 3
CST1(K1,K2,K3,K4,K5,K6)= CST1(K1,K2,K3,K4,K5,K6)
$ +XJIJKL(K7,K8,K1,K2)*XMPHI(K7,K8,K3,K4,K5 ,K6)
10 CONTINUE
DO 20 Kl = 1 , 3
DO 20 K2 = 1 , 3
DO 20 K5 = 1 , 3
DO 20 K6 = 1 , 3
C
DO 20 K3 = 1 , 3
DO 20 K4 = 1 , 3
CST2(K1,K2,K5,K6)= CST2(K1,K2,K5,K6)
$ +CST1(K1,K2,K3,K4,K5,K6)*S(K3,K4)
20 CONTINUE
DO 30 K5 = 1 , 3
DO 30 K6 = 1 , 3
DO 30 K9 = 1 , 3
DO 30 K10= 1 , 3
C
DO 30 Kl = 1 , 3
DO 30 K2 = 1 , 3
CST3(K5,K6 ,K9,K10)= CST3(K5,K6,K9,K10)
$ +CST2(K1,K2,K5,K6)*XMIJKL(K1,K2,K9,K10)
30 CONTINUE
DO 40 K5 = 1 , 3
DO 40 K6 = 1 , 3
C
DO 40 K9 = 1 , 3  
DO 40 K10= 1 , 3
GPHI(K5,K6)=GPHI(K5,K6)+CST3(K5,K6,K9,K10)*S(K9,K10)
40 CONTINUE
C
C
DO 50 Kl = 1 , 3
DO 50 K2 = 1 , 3
DO 50 K3 = 1 , 3
DO 50 K4 = 1 , 3
C
DO 50 K5 = 1 , 3
DO 50 K6 = 1 , 3
CST4(K1,K2,K3,K4)= CST4(K1,K2,K3,K4)
§ +XJIJKL(K1,K2,K5,K6)*XMIJKL(K5,K6,K3,K4)
50 CONTINUE
DO 60 Kl = 1 , 3
DO 60 K2 = 1 , 3
C
DO 60 K3 = 1 , 3
DO 60 K4 = 1 , 3
CST5(K1,K2)=CST5(K1,K2)+CST4(K1,K2,K3,K4)*S(K3,K4)
60 CONTINUE
DO 70 K7 = 1 , 3
DO 70 K8 = 1 , 3
C
DO 70 Kl = 1 , 3
DO 70 K2 = 1 , 3
GS(K7,K8)=GS(K7,K8)+CST5(K1,K2)*XMIJKL(K1,K2,K7,K8)
70 CONTINUE
C
RETURN
END
C
C ==============================================================
C
SUBROUTINE TENSORCITYPE,VECT,TENS,FACT)
u 
u 
u 
u 
u
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C I THIS PROGRAM CALCULATES MATRICES WHICH ARE COMMON IN
C I MOST OF THE SUBROUTINES THAT CONSTITUTE THE PLASTICITY
C I FORMULATIONS.
C I
C I VECTC I ) = VECTOR TO BE CONVERTED TO A TENSOR
C I TENS(I , J) = TENSOR EQUIVALENT OF VECTCI)
C I
C  = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = :
C
REAL*8 VECT.TENS 
DIMENSION VECT(6),TENS(3,3)
C
TENSCI , 1) = VECTC 1 )
TENSC2 , 2) = VECTC 2 )
C
IF CITYPE.LT.300) THEN
TENSC3 f 3) - VECTC 4 )
TENSCI 9 2) = VECTC 3 )*FACT
TENSC2 9 1) = TENSCI , 2)
TENSCI 9 3) = 0.
TENSC3 9 1) = 0.
TENSC2 9 3) = 0.
TENSC3 9 2) 0.
TENSC3 9 3) = VECTC 3 )
TENSCI 9 2) VECTC 4 )*FACT
TENSC2 9 1) = TENSCI , 2)
TENSCI 9 3) = VECTC 6 )*FACT
TENSC3 9 1) = TENSCI , 3)
TENSC2 9 3) = VECTC 5 )*FACT
TENSC3 9 2) = TENSC2 , 3)
END IF
C
RETURN
END
V E C T O R
SUBROUTINE VECTOR(ITYPE,TENS,VECT,FACT)
C
C = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = :
C I
C I THIS PROGRAM CALCULATES MATRICES WHICH ARE COMMON IN
C I MOST OF THE SUBROUTINES THAT CONSTITUTE THE PLASTICITY
C I FORMULATIONS.
C I
C I TENSCI , J) = TENSOR TO BE CONVERTED TO A VECTOR
C I VECTC I ) = VECTOR EQUIVALENT OT TENSCI , J)
C I
C
REAL*8 VECT.TENS 
DIMENSION VECTC6),TENSC3,3)
C
VECTC 1 ) = TENSCI , 1)
VECTC 2 ) = TENSC2 , 2)
U
O
O
U
O
 
O
O
U
O
O
O
U
O
C
J
U
C
J
U
C
J
O
U
 
u
u
u
u
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IF (ITYPE.LT.300) THEN
VECT( 4 ) = TENS(3 , 3)
VECT( 3 ) = TENS(1 , 2)*FACT
VECT( 3 ) = TENS(3 , 3)
VECT( 4 ) = TENS(1 „ 2)*FACT
VECT( 6 ) = TENS(1 , 3)*FACT
VECT( 5 ) = TENS(2 , 3)*FACT
END IF
C
RETURN
END
SUBROUTINE ADMAT(YOUNG,POISS)
I I
I P R O G R A M : I
I I
I 'ADMAT' CALCULATES THE FOURTH ORDER ELASTIC STRESS-STRAIN I
I TENSOR. I
I I
I A R G U M E N T  L I S T : I
I I
I YOUNG = YOUGS MODULUS I
I POISS = POISSONS RATIO I
I I
IMPLICIT REAL*8 (A-H.O-Z)
C0MM0N/ADMAT1/AD(3,3,3,3)
--- ALAM = THE LAMDA LAME CONSTANT
—  AMUE = THE MU LAME CONSTANT (THE SHEAR MODULUS G)
ALAM = POISS*YOUNG/(l. + POISS)/(l. - 2.*POISS) 
AMUE = YOUNG/2./(I. + POISS)
AD(1 1 1 1) = ALAM + 2.*AMUE
AD(1 1 2 2) = ALAM
AD(1 1 3 3) = ALAM
AD(2 2 1 1) = ALAM
AD(2 2 2 2) = ALAM + 2.*AMUE
AD(2 2 3 3) = ALAM
AD(3 3 1 1) = ALAM
AD(3 3 2 2) = ALAM
AD(3 3 3 3) = ALAM + 2.*AMUE
AD( 1 2 1 2) = AMUE
AD (2 1 2 1) = AMUE
AD(1 3 1 3) = AMUE
AD(3 1 3 1) = AMUE
AD(2 3 2 3) = AMUE
AD(3 2 3 2) = AMUE
n 
o 
o 
n 
o
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AD(1 $ 2 , 2 9 1) = AMUE
AD( 2 9 1 , 1 9 2) = AMUE
AD( 1 1 3 , 3 9 1) = AMUE
AD(3 9 1 , 1 9 3) = AMUE
AD(2 1 3 , 3 9 2) = AMUE
AD(3 » 2 , 2 9 3) = AMUE
C
RETURN
END
D E F J A C ========
C
n
SUBROUTINE DEFJAC(E,DEL,RR,DJAC)
c I I
c I THIS SUBPROGRAM CALCULATES THE DETERMINANT OF THE I
c I DEFORMATION JACOBIAN AND THE <RR> MATRIX. I
c I I
c I EINV1 = FIRST STRAIN INVARIANT I
c I EINV2 = SECOND STRAIN INVARIANT I
c I EINV3 = THIRD STRAIN INVARIANT I
c I DJAC = DETERMINANT OF THE JACOBIAN I
c I RR(K1 , K2) = THIS MATRIX WHEN DOTED WITH THE STRAIN I
c I TENSOR WILL RESULT THE INCREMENT OF THE I
c I JACOBIAN. I
c
/ I
I I
L
c
IMPLICIT REAL*8 (A-H.O-Z) 
DIMENSION E(3,3),DEL(3,3),RR(3,3)
C —  CALCULATION OF THE STRAIN INVARIANTS
EINV1 =0.0 
EINV2 =0.0 
EINV3 =0.0
C
DO 10 Kl = 1 , 3 
EINV1 = EINV1+E(K1 , Kl)
DO 10 K2 = 1 , 3 
EINV2 = EINV2+E(K1 , K2)**2 
DO 10 K3 = 1 , 3 
10 EINV3 = EINV3+E(K1 , K2)*E(K2 , K3)*E(K3 , Kl)
C
EINV2 = 0.5*EINV2
EINV3 = 0.3333333333333333D0*EINV3
C
C CALCULATION OF THE DEFORMATION JACOBIAN DETERMINANT 
C
C23 = 0.66666666666666666D0
DJAC1=1.+2.*EINV1*(1.+EINV1+C23*EINV1**2)-4.*EINV2*(1.+2.*EINV1) 
//+8.*EINV3 
DJAC = DJAC1**(0.5)
C
C — - CALCULATION OF THE MATRIX RR(K1 , K2)
o 
u 
u 
u 
o
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DO 30 Kl = 1 , 3 
DO 30 K2 = 1 , Kl 
CST1 =0.
DO 20 K3 = 1 , 3 
20 CST1 = CST1+E(K1 , K3)*E(K3 , K2)
DELTA = DELfKl , K2)
RR(K1 , K2) = 2.*(DELTA*(EINV1-2.*EINV2+EINV1**2)-(1.+2.*EINV1)* 
#E(K1 , K2)+2.*CSTl+0.5*DELTA)/DJAC 
RR(K2 , Kl) = RR(K1 , K2)
30 CONTINUE
RETURN
END
Y I E L D
SUBROUTINE YIELD(S,C,Z,WORK,DJAC,C2,C3,SY,F,FI,F2)
C
C I
C I THIS SUBPROGRAM CALCULATES THE VALUE OF THE YIELD FUNCTION.
C I THE PROGRAMED YIED FUNCTION IS AN EXTENDE FORM OF THE
C I VON MISES YIELD CRITERION. THIS YIELD FUNCTION IS THE
C I EQUIVALANT LAGRANGIAN FORMULATION OF THE EULERIAN VON MISES
C I TYPE YIELD CRITERIA.
C I
C I THE YIELD FUNCTION HAS THE FOLLOWING FORM.
C I
C l  F = (F1)+(C2)(F2)+(C3)(F3)-AKEY**2
C I
C l  C2
C l  C3
C l  SY
C l  FI
C l  F2
C I
C l  F3
C I
C I FOR DEFENITION OF THE OTHER TERHS AND MATRICES REFER TO THE
C I SUBPROGRAMS "JACOB" AND "MATRIC".
C I
C =============================================================c
IMPLICIT REAL*8 (A-H.O-Z)
DIMENSION S(3,3),C(3,3),Z(3,3)
C
DJACO = l./DJAC**2 
CST1 = 0.
CST2 = 0.
CST3 = 0.
CST4 = 0.
CST5 = 0.
C
DO 10 K2 = 1 , 3 
DO 10 Kl = 1 , 3
KINEMATIC WORK-HARDENING COEFFICIENT 
IS THE ISOTROPIC WORKHARDENING COEFICIENT 
IS THE YIELD STRESS IN SIMPLE TENSION TEST 
IS THE SECOUND EULERIAN STRESS TENSOR INVAR.
IS THE PART WHICK ACOUNTS FOR THE KINAMATIC WORK 
HARDENING.
IS THE PLASTIC WORK.
o 
n 
o 
o 
o
CST1 = CST1+S(K1 , K2)*C(K1 , K2)
CST2 = CST2+Z(K1 , K2)*C(K1 , K2)
DO 10 K4 = 1 , 3 
DO 10 K3 = 1 , 3 
CST = C(K1 , K3)*C(K2 , K4)
CST3 = CST3+S(K1 , K2)*S(K3 , K4)*CST
CST4 = CST4+S(K1 , K2)*Z(K3 , K4)*CST
CST5 = CST5+Z(K1 , K2)*Z(K3 , K4)*CST
10 CONTINUE
C
C13 = 0.3333333333333333D0 
C16 = 0.1666666666666666D0 
FI = DJACO*(0.5*CST3-C16*CST1**2)
F2 = DJACO*(C13*CST1*CST2-CST4+0.5*CST5-C16*CST2**2) 
F3 = -WORK
F = F1+C2*F2+C3*F3-SY**2
C
RETURN
END
F D E R ==
SUBROUTINE FDER(S,C,Z,DJAC,FI,F2,C2,C3)
C
C ===========================================================
C I
C I THIS PROGRAM CALCULATES THE DERIVATIVE OF "F" WRT
C I <STRESS>, <STRAIN>, JACOBIAN, AND PLASTIC WORD WKC
C I
C l  FIS = PARTIAL DERIVATIVE OF FI WRT <STRESS>
C l  F2S = PARTIAL DERIVATIVE OF F2 WRT <STRESS>
C l  FIE = PARTIAL DERIVATIVE OF FI WRT <STRAIN>
C l  F2E = PARTIAL DERIVATIVE OF F2 WRT <STRAIN>
C I F1J = PARTIAL DERIVATIVE OF FI WRT JACOBIAN
C l  F2J = PARTIAL DERIVATIVE OF F2 WRT JACOBIAN
C l  F3J = PARTIAL DERIVATIVE OF F3 WRT JACOBIAN
C I
C I FOR THE DEFENITIONS OF F1.F2 REFER TO THE
C I SUBPROGTAM "YIELD".
C I 
C I
C l  FS = DERIVATIVE OF F WRT <STRESS>
C l  FE = DERIVATIVE OF F WRT <STRAIN>
C l  FZ = DERIVATIVE OF F WRT <SHIFT TENSOR>
C l  FK = DERIVATIVE OF F WRT WK
C l  FJ = DERIVATIVE OF F WRT JACOBIAN
C I
C I FOR THE DEFENITION OF THE OTHER TERMS OR MATRICES REFER
C l  TO SUBPROGRAMS "JACOB" AND "MATRIC".
C I
C ===============================================^=======:
C
IMPLICIT REAL*8 (A-H.O-Z) 
COMMON/FDERl/FJ,FK,FS(3,3),FE(3,3),FZ(3,3) 
DIMENSION S(3,3),C(3,3),Z(3,3)
u 
u 
u 
u 
u
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DJACO = l./DJAC**2
CONST = 0.3333333333333333D0
C
CST1 = 0.
CST2 = 0.
DO 10 K2 = 1 , 3
DO 10 Kl = 1 , 3
CST1 = CST1 + S(K1 , K2)*C(K1 , K2)
10 CST2 = CST2 + Z(K1 , K2)*C(K1 , K2)
DO 30 Kl = 1 , 3
DO 30 K2 = 1 , Kl
CST3 = 0.
CST4 = 0.
CST5 = 0.
CST6 = 0.
CST7 = 0.
DO 20 K3 = 1 , 3
DO 20 K4 = 1 , 3
C34 = C(K3 , K4)
CST3 = CST3 + S(K3 , K1)*S(K4 , K2)*C34
CST4 = CST4 + C(K1 , K3)*C(K2 , K4)*S(K3 , K4)
CST5 = CST5 + Z(K3 , K1)*Z(K4 , K2)*C34
CST6 = CST6 + S(K3 , K1)*Z(K4 , K2)*C34
CST7 = CST7 + C(K1 , K3)*C(K2 , K4)*Z(K3 , K4)
20 CONTINUE
C12 = C(K1 , K2)
S12 = S(K1 , K2)
FIS = CST4 - C0NST*CST1*C12
FIE = CST3 - C0NST*CST1*S12
F2S = CONST*CST2*C12 - CST7
F2Z = CST7 - CST4 + C0NST*(CST1 - CST2)*C12
F2E = CST5 - 2.*CST6 + C0NST*((CST1 - CST2)
// *Z(K1 , K2) + CST2*S12)
FS(K1 , K2) = DJAC0*(F1S + C2*F2S)
FE(K1 , K2) = 2.*DJAC0*(F1E + C2*F2E)
FZ(K1 , K2) = C2*F2Z*DJAC0
FS(K2 , Kl) = FS(K1 , K2)
FE(K2 , Kl) = FE(K1 , K2)
FZ(K2 , Kl) = FZ(K1 , K2)
30 CONTINUE
F1J = -2.*F1/DJAC 
F2J = -2.*F2/DJAC 
FJ = F1J+C2*F2J 
FK = -C3
RETURN
END
E L P L D
SUBROUTINE ELPLD(S,Z,RR,DJAC,BETA,DEN,ICODE)
C
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C ==================================:========;=======:===========
C l  I
C I THIS PROGRAM CALCULATES THE ELASTOPLASTIC MATRIX I
C I THAT CORRESPONDS TO THE YIELD FUNCTION F I
C l  I
C =================================================================
IMPLICIT REAL*8 (A-H.O-Z)
C0MM0N/FDER1/FJ,FK,FS(3,3),FE(3,3),FZ(3,3)
COMMON/ADMAT1/AD(3,3,3,3)
C0MM0N/ELPLD1/DEPM(3,3,3,3),ALAM(3,3),AMU(3,3)
DIMENSION EFF(3,3),S(3,3),Z(3,3),RR(3,3)
D1 = 0.
D2 = 0.
D3 = 0.
DENI = 0.
DEN2 = 0.
DO 20 Kl = 1 , 3
DO 20 K2 = 1 , 3
EFF(K1 , K2) = 0.
D1 = D1 + FZ(K1 , K2)*(S(K1 , K2) - Z(K1 , K2))
D2 = D2 + FS(K1 , K2)**2
D3 = D3 + (S(K1 , K2) - Z(K1 , K2))*FS(K1 , K2)
DEN2 = DEN2+S(K1 , K2)*FS(K1 , K2)
DO 10 K3 = 1 , 3
DO 10 K4 = 1 , 3
10 EFF(K1 , K2) = EFFCK1 , K2) + AD(K3 , K4 , Kl , K2)*FS(K3 , K4)
20 DENI = DENI + EFF(K1 , K2)*FS(K1 , K2)
DEN = DENI - DEN2*FK/DJAC - BETA*D1*D2/D3
C
IF (ICODE.EQ.O) THEN 
DO SO Kl = 1 , 3
DO 50 K2 = 1 , Kl
CST3 = 0.
DO 30 K3 = 1 , 3
DO 30 K4 = 1 , 3
CST3 = CST3 + AD(K1 , K2 , K3 , K4)*FS(K3 , K4)
30 CONTINUE
C
DO 40 K3 = 1 , 3
DO 40 K4 = 1 , 3
CST2 = CST3*(FE(K3 , K4) + FJ*RR(K3 , K4) + EFF(K3 , K4)) 
DEPM(K1 , K2 , K3 , K4) = AD(K1 , K2 , K3 , K4) - CST2/DEN 
40 DEPM(K2 , Kl , K3 , K4) = DEPMCK1 , K2 , K3 , K4)
50 CONTINUE
C
ELSE
DO 60 Kl = 1 , 3
DO 60 K2 - 1 , Kl
ALAM(K1,K2)=(EFF(K1,K2) + FE(K1 , K2) + RR(K1 , K2)*FJ)/DEN 
AMU(K1 , K2) = ALAM(K1 , K2)*BETA*D2/D3 
ALAM(K2 , Kl) = ALAM(K1 , K2)
AMU(K2 , Kl) = AMU(K1 , K2)
60 CONTINUE
o
o
o
o
n
n
n
n
 
n 
o 
n 
n 
o
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END IF
C
RETURN
END
C 0 N V E R
SUBROUTINE CONVER(D4,D2,IFLAG,ITYPE)
I
I
I
I
THIS PROGRAM TRANSFORMS THE FOURTH ORDER STIFFNESS 
TENSOR TO A SECOND ORDER HATRIX
I
I
I
I
IMPLICIT REAL*8 (A-H,0-Z)
DIMENSION D4(3,3,3,3),D2(6,6)
C D2 = THE SECOND ORDER STIFFNESS MATRIX
IF (ITYPE.LT.300) THEN
D2(1,1) = D4(l,1,1,1)
D2(l,2) = D4(l,1,2,2)
D2(1,3) = 04(1,1,1,2)
D2(l,4) = D4(l,1,3,3)
D2(2,1) = D4(2,2,l,l)
D2(2,2) = D4(2,2,2,2)
D2(2,3) = D4(2,2,1,2)
D2(2,4) = D4(2,2,3,3)
D2(3,1) = D4(l,2,l,l)
D2(3,2) = D4(l,2,2,2)
D2(3,3) = D4(l,2,1,2)
D2(3,4) = D4(l,2,3,3)
D2(4,1) = D4(3,3,1,1)
D2(4,2) = D4(3,3,2,2)
D2(4,3) = D4(3,3,1,2)
D2(4,4) = D4(3,3,3,3)
IF(IFLAG.NE.l) GO TO 20 
CST1 = D4(3,3,1,1)/D4(3,3,3,3)
CST2 = D4(3,3,2,2)/D4(3,3,3,3)
CST3 = (D4(3,3,1,2)+D4(3,3,2,l))/D4(3,3,3,3)/2. 
02(1,1) = D2(1,1)-CST1*D4(1,1,3,3)
D2(l,2) = D2(1,2)-CST2*D4(1,1,3,3)
'02(1',3) = D2(1,3)-CST3*D4(1,1,3,3)
D2(2,1) = D2(2,1)-CST1*D4(2,2,3,3)
D2(2,2) « D2(2,2)-CST2*D4(2,2,3,3)
D2(2,3) = D2(2,3)-CST3*D4(2,2,3,3)
D2(3,1) = D2(3,1)"CST1*D4(1,2,3,3)
D2(3,2) = D2(3,2)-CST2*D4(1,2,3,3)
D2(3,3) = D2(3,3)-CST3*D4(1,2,3,3)
DO 10 Kl = 1,4 
D2(4,K1) = 0.
10 D2(K1,4) = 0.
ELSE
D2(l,l) = 04(1,1,1,1)
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D2( 1 2 II D4(l 1 2 2
D2(l 3 II D4(l 1 3 3
D2( 1 4 it D4(l 1 1 2
D2( 1 5 li D4(l 1 2 3
D2( 1 6 li D4( 1 1 1 3
D2(2 1 li D4(2 2 1 1
D2(2 2 II D4(2 2 2 2
D2(2 3 n D4(2 2 3 3
D2(2 4 li D4(.2 2 1 2
D2(2 5 ll D4(2 2 2 3
D2(2 6 il D4(2 2 1 3
D2(3 1 ii D4(3 3 1 1
D2(3 2 n D4(3 3 2 2
D2(3 3 ii D4(3 3 3 3
D2(3 4 n D4(3 3 1 2
D2(3 5 li D4(3 3 2 3
D2(3 6 ii D4(3 3 1 3
D2(4 1 li D4(l 2 1 1
D2(4 2 li D4(l 2 2 2
D2(4 3 li D4(l 2 3 3
D2(4 4 n D4(l 2 1 2
D2(4 5 n D4(l 2 2 3
D2(4 6 n D4(l 2 1 3
D2(5 1 li D4(2 3 1 1
D2(5 2 it D4(2 3 2 2
D2(5 3 ii D4(2 3 3 3
D2(5 4 ii D4(2 3 1 2
D2(5 5 il D4(2 3 2 3
D2(5 6 ll D4(2 3 1 3
D2(6 1 il D4(l 3 1 1
D2(6 2 ll D4(l 3 2 2
D2(6 3 n D4(l 3 3 3
D2(6 4 ll D4(l 3 1 2
D2(6 5 = D4(l 3 2 3
D2(6 6 ll D4(l 3 1 3
END IF 
20 RETURN 
END
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